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Manipulability Optimization of Redundant
Manipulators Using Dynamic Neural Networks
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Abstract—For solving the singularity problem arising in
the control of manipulators, an efficient way is to maximize
its manipulability. However, it is challenging to optimize ma-
nipulability effectively because it is a nonconvex function to
the joint angles of a robotic arm. In addition, the involvement
of an inversion operation in the expression of manipulabil-
ity makes it even hard for timely optimization due to the in-
tensively computational burden for matrix inversion. In this
paper, we make progress on real-time manipulability opti-
mization by establishing a dynamic neural network for recur-
rent calculation of manipulability-maximal control actions
for redundant manipulators under physical constraints in
an inverse-free manner. By expressing position tracking
and matrix inversion as equality constraints, physical lim-
its as inequality constraints, and velocity-level manipulabil-
ity measure, which is affine to the joint velocities, as the
objective function, the manipulability optimization scheme
is further formulated as a constrained quadratic program.
Then, a dynamic neural network with rigorously provable
convergence is constructed to solve such a problem on-
line. Computer simulations are conducted and show that,
compared to the existing methods, the proposed scheme
can raise the manipulability almost 40% on average, which
substantiates the efficacy, accuracy, and superiority of the
proposed manipulability optimization scheme.

Index Terms—Dynamic neural network, kinematic con-
trol, manipulability optimization, redundancy resolution.

I. INTRODUCTION

IN RECENT decades, robotics has attracted considerable at-
tention in scientific research works and engineering applica-
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tions. Much effort has been contributed to robotics, and differ-
ent types of robots have thus been developed and investigated
[1]–[8]. Among these robots, redundant robot manipulators,
possessing more degrees of freedom (DOFs) in joint space than
workspace and offering increased control flexibility for com-
plicated tasks, have played a more and more important role
in numerous fields of engineering applications [7]–[9]. For ex-
ample, the problem of finite-time stabilization and control of
redundant manipulators is investigated in [9], and a controller
is designed to attenuate the effects of model nonlinearity, un-
certainties, and external disturbances and improve the response
characteristics of the system. The forward kinematics of a redun-
dant manipulator provides a nonlinear mapping from its joint
space to its operating region in Cartesian space. This nonlinear
mapping makes it difficult to directly solve the redundancy res-
olution problem at the angle level. Instead, in most approaches,
the problem is first converted into a problem at the velocity- or
acceleration level, and solutions are then sought in the converted
space. A popular method is to apply the pseudoinverse formula-
tion for obtaining a general solution at the joint-velocity level.
However, this strategy suffers from an intensive computational
burden because of the need to perform the pseudoinversion of
matrices continuously over time, in addition to the weakness that
the joint physical limits are usually not considered [10], [11].
Recent progress shows the advantages of unifying the treatment
of various constraints of manipulators’ redundancy resolution
into a quadratic program (QP). Such a QP formulation is general
in the sense that it incorporates equality, inequality, and bound
constraints, simultaneously. For example, reformulated as a QP,
the equivalence between different-level redundancy-resolution
of redundant manipulators is investigated in [12]. Then, the
work is extended in [7] for obstacle avoidance of redundant
robot manipulators with the aid of QP. In addition to the con-
trol of redundant manipulators, the QP is also exploited to the
other types of robots, e.g., formation control of leader–follower
mobile robots’ systems in [1], [3], [13]–[18].

Neural networks, which feature capabilities of high-speed
parallel distributed processing, and can be readily implemented
by hardware, have been recognized as a powerful tool for real-
time processing and successfully applied widely in various con-
trol systems [3], [5], [8], [12], [19]–[26]. Particularly, using
neural networks for the control of robot manipulators have at-
tracted much attention and various related schemes and methods
have been proposed and investigated [3], [5], [8], [24], [25]. Cai
and Zhang present two neural networks for the online solution of
quadratic programming problem existing in the redundancy res-
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olution of manipulators in [12]. They further modify their work
in [8] by proposing new noise-tolerant neural networks with ap-
plication to the motion generation of redundant manipulators. It
is worth pointing out here that those neural networks presented
in [8], [12] do not consider the bound constraint and thus cannot
avoid the joint physical constraints in the manipulator applica-
tions. For the direct consideration of inequalities in constrained
quadratic programming problems, researchers have attempted to
consider the problem in its dual space. Various dual neural net-
works with different architectures have been proposed [7], [27]–
[30]. The dual neural networks-based methods are highly effi-
cient for real-time processing and have been successfully used in
various applications, including redundant manipulator control.

The performance index plays an important role in quadratic
programming formulation-based manipulator control, which,
to some extent, determines the application potential of redun-
dant manipulators in different industry fields. Therefore, how
to model an efficient performance index is an important issue
for the redundancy resolution. It is worth pointing out that,
when a manipulator is at a kinematic singularity configuration,
its Jacobian matrix becomes ill-conditioned and rank-deficient
[28]. In addition, getting close to a singularity point of the
kinematic mapping is also undesirable and unacceptable due
to the fact that, in such a state, when the end-effector moves
in certain directions, joint velocities and accelerations can be
arbitrarily large and this may damage the manipulator. There-
fore, the research on maximizing the manipulability of ma-
nipulators has explicit significance and has been investigated
widely. Yoshikawa establishes the first quantitative measure of
the manipulability for redundant manipulators at the joint ve-
locity level in [31]. The seminal study presented by Yoshikawa
on this direction exploits the pseudoinverse-type formulation to
avoid the singularity of redundant manipulators by maximiz-
ing the manipulability measure. A multiobjective optimization
of a hybrid robotic machine tool is presented in [32], which
involves different types of manipulability. Note that most of
the aforementioned techniques are based on pseudoinverse-type
formulations and do not consider physical limits of manipula-
tors. Zhang et al. present a quadratic programming formulation-
based manipulability-maximizing scheme, which can handle the
physical limits. However, this scheme suffers from an inten-
sive computational burden because of the need to perform the
matrix inversion continuously over time in performance index
[28]. Moreover, the tradeoff between manipulability and en-
ergy consumption is fixed in this scheme, which leads to less
adaptation to environments. This paper makes progress on this
frontier through the modeling of the manipulability optimiza-
tion of redundant manipulators and the proposal of dynamic
neural network to remedy the weaknesses of existing schemes.
Note that, the scheme presented in [28], together with the other
schemes mentioned, will be compared in details in Section VI
of the paper to clarify the differences and advantages of the new
scheme proposed.

The remainder of this paper is organized into six sections.
Preliminaries are presented in Section II. Then, problem formu-
lation is presented in Section III. Section IV formulates such a
manipulability optimization into a quadratic programming prob-
lem. Section V presents a dynamic neural network for the online

solution of such a QP with theoretical analyses on convergence
conducted. Section VI provides illustrative simulation exam-
ples to substantiate the efficacy and superiority of the proposed
scheme for manipulability optimization of redundant manipula-
tors. Section VII concludes the paper with final remarks.

II. PRELIMINARIES

In this section, we present useful definitions and convergence
lemmas that play an important role for the theoretical derivation
in this paper.

Definition 1 (Projection Operator): The projection operator
for a set S ⊂ Rk and x ∈ S is defined by

PS (x) = argminy∈S‖y − x‖2 (1)

where ‖ · ‖ denotes the Euclidean norm.
Definition 2 (Normal Cone): For a convex set S ⊂ Rk and

x ∈ S, the normal cone ofS atx, denoted byNS (x) is defined as

NS (x) = {ϕ ∈ Rk , (y − x)Tϕ ≤ 0,∀y ∈ S}. (2)

Definition 3 (Monotone Mapping): A mapping F (·) is
called monotone if for each pair of points x, y, there is

(x− y)T(F (x) − F (y)) ≥ 0. (3)

The above definition generalizes the definition of monotonic-
ity from univariable mappings to multivariable mappings. Note
that it is possible to verify the monotonicity of a univariable
mapping by checking whether its derivative is greater than zero.
Similarly, this property can also be extended to the general
multi-variable mapping F (·). For a continuously differentiable
mapping F (·), it is a monotone mapping if

∇F + ∇TF 	 0 (4)

where “	 0” means the left-hand side of this operator is a posi-
tive semi-definite matrix.

For the projection operator and the normal cone, their rela-
tionship is summarized in the following lemma.

Lemma 1 (Projection and Normal Cone [33]): For a com-
pact convex set S ∈ Rk and x ∈ S, z ∈ NS (x) is equivalent to

PS (x+ z) = x. (5)

For a general dynamic systems, the so-called LaSalle’s in-
variance principle applies, as stated below.

Lemma 2 (LaSalle’s Invariance Principle [34]): Let S be a
compact set that is positively invariant with respect to the dy-
namics of a system ẋ = g(x). Let V = V (x) ∈ R be a contin-
uously differentiable function, such that V̇ ≤ 0 in S. Let E be
the set of all points in S, where V̇ = 0. Let M be the largest
invariant set inE. Then, every solution starting in S approaches
M as t→ ∞.

For a time-varying function, Barbalat’s lemma holds.
Lemma 3 (Barbalat’s Lemma [34]): If f(t) ∈ Rk has a fi-

nite limit as t→ ∞ and if ḟ is uniformly continuous (or f̈ is
bounded), then limt→∞ ḟ(t) = 0.

For a class of well-studied dual neural networks, one sufficient
condition for its convergence has been established as follows.

Lemma 4 (Convergence for a Class of Neural Networks
[35]): Assume that F (x) is monotone and continuously
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differentiable. The following dynamic system

εẋ = −x+ PS (x− �F (x)) (6)

where ε > 0 and � > 0 are both positive constants, S is a closed
convex set, PS (·) denotes the projection operator as defined by
(1). Then, the trajectory corresponding to (6) globally converges
to its equilibrium point.

III. PROBLEM FORMULATION

In this section, definitions on manipulator kinematics and
manipulability are presented for problem formulation.

A. Manipulator Kinematics

For a k-DOF redundant manipulator with the joint angle
θ(t) = [θ1(t), θ2(t), ..., θk (t)]T ∈ Rk , its Cartesian coordinate
r ∈ Rm in the workspace can be described as a nonlinear
mapping

r(t) = f(θ(t)) (7)

where the mapping f(·) carries mechanical and geometrical
information of a manipulator. By definition, the joint space
dimension k of a redundant manipulator is greater than
the workspace dimension m, i.e., k > m. Computing time
derivations on both sides of (7), we have

ṙ(t) = J(θ(t))θ̇(t) (8)

where J(θ(t)) = ∂f/∂θ ∈ Rm×k is called the Jacobian matrix
of f(θ(t)), and usually is abbreviated as J . The end-effector
r(t) of the redundant manipulator is expected to track the
desired path rd(t), i.e., r(t) → rd(t) with ṙ(t) → ṙd(t). It
is worth pointing out here that, in the rest of this paper, the
argument t is frequently omitted for presentation convenience,
e.g., by writing r(t) as r.

B. Manipulability

The manipulability of a robot manipulator is a function of the
Jacobian matrix as defined below [36]:

μ =
√

det(JJT) =
√
μ1μ2 ...μm (9)

where μi ≥ 0 for i = 1, 2, ...,m is the ith largest eigenvalue of
JJT (note JJT 	 0 and thus its eigenvalues are all nonnega-
tive). This measure gives an overall scalar description on the
gain from joint velocity θ to ṙ and measures the amount of
singularity. When the robot arm is singular, i.e., rankJ < m,
μ reaches its least value 0. To increase the manipulability and
avoid singularity, a large value of μ is preferable in operation.

C. Optimization Problem Formulation

Therefore, based on the above analysis, the redundancy reso-
lution of a redundant manipulator with manipulability optimal-
ity considered is formulated as

min
θ

−μ, (10a)

rd = f(θ). (10b)

So far the redundancy resolution has been formulated as a
constrained optimization with the manipulator kinematics as
an equation constraint and the manipulability as a cost to maxi-
mize. In this optimization problem μ, as a function of J = J(θ),
usually is nonconvex relative to θ. Additionally, the equation
constraint is also usually nonlinear. Thus, the solution of θ in
(10) becomes a challenging problem.

IV. REFORMULATION AS A CONSTRAINED QP

Here, by incorporating physical constraints and redefining
the objective function, we reformulate such a redundancy res-
olution problem with optimal manipulability considered into a
constrained quadratic programming problem.

A. Equation Constraint: Speed-Level Resolution

Equation (7) describes the mapping from the joint space to
the workspace in the position level and has a strong nonlinearity.
As shown in (8), the mapping in the velocity level can be signif-
icantly simplified. Defining v = ṙ as the end-effector velocity
in the workspace and w = θ̇ as the joint angular velocity in the
joint space and abbreviating J(θ(t)) as J , (8) can be rewritten as

v = Jw. (11)

This equation describes the kinematic mapping from the joint
space to the workspace at the velocity level. In comparison with
the position-level mapping (7) expressed as a general nonlinear
function, the velocity-level mapping is much simpler as it is
in an affine form. Simply enforcing ṙd = Jw usually is able
to obtain w satisfying the speed requirement v = ṙd , but may
suffer from drifting in position due to the loss of explicit infor-
mation on rd . Instead, we restrict the motion of the redundant
manipulator in the following way to reach a desired position:

Jw = −k0(f(θ) − rd) + ṙd (12)

where k0 > 0 is the position error feedback coefficient. Note
that Jw − ṙd = d(f(θ) − rd)/dt. Accordingly, the above
equation can be written as d(f(θ) − rd)/dt = −k0(f(θ) − rd)
and is able to drive f(θ) to rd over time. Following the above
reasoning, we can define an equation constraint as follows to
represent the speed requirement:

Jw = vd with vd = −k0(f(θ) − rd) + ṙd . (13)

B. Redefinition of the Objective Function

As to μ2/2, we examine its value in time derivative as

d(μ2/2)
dt

=
d[det(JJT)/2]

dt

=
det(JJT)tr((JJT)−1(JJ̇T + J̇JT))

2
(14)

where tr(·) denotes the trace of a matrix. In addition, we have
tr((JJT)−1(JJ̇T)) = tr((JJT)−1JJ̇T) = tr(J̇JT(JJT)−1) and
tr((JJT)−1(J̇JT)) = tr((J̇JT)(JJT)−1). Thus, (14) can be
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simplified to

d(μ2/2)
dt

=
d(det(JJT)/2)

dt

= det(JJT)tr(J̇JT(JJT)−1). (15)

Note that

μ̇ =
1
μ

d(μ2/2)
dt

=
√

det(JJT)tr (J̇JT(JJT)−1). (16)

Overall, the quantity μ̇ describes the change of μ with time. By
maximizing its value, the system is enforced to evolve along the
direction to increase μ greedily for the most under constraints.
To compute J̇ , we first define Hi ∈ Rm×k for i = 1, 2, ..., k as
follows:

Hi =
∂J

∂θi
(17)

with which, J̇ is expressed as

J̇ =
k∑

i=1

∂J

∂θi
θ̇i =

k∑

i=1

Hiwi. (18)

Incorporating this expression, (16) becomes

μ̇ =
√

det(JJT)tr

((
k∑

i=1

Hiwi

)

JT(JJT)−1

)

=
√

det(JJT)
k∑

i=1

wi tr (HiJ
T(JJT)−1). (19)

For the convenience of later treatment of matrix (JJT)−1 , we
now convert the expression of tr (HiJ

T(JJT)−1) into a form
using vec((JJT)−1), which is the vectorization of the matrix
(JJT)−1 formed by stacking the columns of (JJT)−1 into a
single column vector. We have

tr (HiJ
T(JJT)−1) = tr ((JHT

i )T(JJT)−1)

= vecT(JHT
i )vec((JJT)−1). (20)

With this, (19) further becomes

μ̇ =
√

det(JJT)
k∑

i=1

wivecT(JHT
i )vec((JJT)−1). (21)

Note that

k∑

i=1

wivecT(JHT
i ) = [w1 , w2 , ..., wk ]

⎡

⎢⎢⎢⎢
⎣

vecT(JHT
1 )

vecT(JHT
2 )

...

vecT(JHT
k )

⎤

⎥⎥⎥⎥
⎦
. (22)

To simplify the notation, we define a new operator “♦” to capture
the operation in (22) on matricesH1 ,H2 , ...,Hk , andJ as below:

J♦{H1 ,H2 , ...,Hk}

=

⎡

⎢⎢⎢⎢
⎣

vecT(JHT
1 )

vecT(JHT
2 )

...

vecT(JHT
k )

⎤

⎥⎥⎥⎥
⎦

=

⎡

⎢⎢⎢⎢
⎣

vecT(HT
1 )(Im ⊗ JT)

vecT(HT
2 )(Im ⊗ JT)

...

vecT(HT
k )(Im ⊗ JT)

⎤

⎥⎥⎥⎥
⎦

=

⎡

⎢⎢
⎢⎢
⎣

vecT(HT
1 )

vecT(HT
2 )

...

vecT(HT
k )

⎤

⎥⎥
⎥⎥
⎦

(Im ⊗ JT) (23)

where the second equality is obtained as follows: Recall the
equation (XT

2 ⊗X1)vec(X3) = vec(X1X3X2) holds for ma-
trices X1 , X2 , and X3 of proper sizes. Setting X1 = J ,
X2 = Im , andX3 = HT

i for i = 1, 2, ..., k in this equation with
Im being them×m identity matrix, we thus have vec(JHT

i ) =
(Im ⊗ J)vec(HT

i ). In addition, recall the transposition rule over
the Kronecker product as (X1 ⊗X2)T = XT

1 ⊗XT
2 , with which

we conclude vecT(JHT
i ) = vecT(HT

i )(Im ⊗ JT).
With the notation defined in (23) and the relation (22), (21)

is converted to

μ̇ =
√

det(JJT)wT(J♦{H1 ,H2 , ...,Hk})vec((JJT)−1). (24)

The above expression involves the matrix inversion (JJT)−1 ,
which is usually time-consuming for online computation. In or-
der to avoid this operation, we treat this quantity as a variable and
embed it into the solution procedure. To proceed, we re-examine
the definition of matrix inverse, which gives the following for
(JJT)−1 :

JJT(JJT)−1 = Im . (25)

Setting X1 = JJT, X2 = Im , X3 = A, equality (25) is con-
verted to

vec(Im ) = vec(JJTA) = (Im ⊗ JJT)vec((JJT)−1). (26)

C. Set Constraint

Due to physical constraints, the angular velocity of a manip-
ulator cannot exceed certain limits, expressed as

w ≤ w ≤ w̄ (27)

where w ∈ Rk and w̄ ∈ Rk are the lower and the upper bounds
of w, respectively. The bound expression (27) can also be ex-
pressed as a convex set constraint:

w = θ̇ ∈ Ω (28)

where the convex set Ω is defined as

Ω = {w ∈ Rk , w ≤ w ≤ w̄}. (29)

For a redundant manipulator with kinematics (11) and a given
desired workspace velocity vd , the goal of kinematic redundancy
resolution is to find a real-time control law u = h(w, vd), such
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that the workspace velocity error v − vd converges to zero, and
the joint angular velocity converges to the convex constraint set
Ω as in (28).

D. Reformulation and Convexification

Define a new variable ψ ∈ Rm 2
, as an estimation of

vec((JJT)−1), to replace the expression of vec((JJT)−1) in
(24) and (26). Then, the manipulability optimization in speed
level is formulated as

min
w,ψ

−μ̇ = −
√

det(JJT)wT(J♦{H1 ,H2 , ...,Hk})ψ

(30a)

Jw = vd (30b)

(Im ⊗ JJT)ψ = vec(Im ) (30c)

w ∈ Ω. (30d)

It is noteworthy that the term
√

det(JJT) is nonnegative
and independent of the decision variables w and ψ. There-
fore, it is equivalent to change the objective function to
wT(J♦{H1 ,H2 , ...,Hk})ψ. In addition, note that the objective
function in (30) is bilinear but is nonconvex relative to the deci-
sion variables. We incorporate one extra term ‖w‖2 to regulate
the kinematic energy consumption. Additionally, we augment
the objective function with the equality constraints (30b) and
(30c) to convexify the objective function as

−c3wT(J♦{H1 ,H2 , ...,Hk})ψ + c0‖Jw − vd‖2/2

+ c1‖(Im ⊗ JJT)ψ − vec(Im )‖2/2 + c2‖w‖2/2 (31)

where c0 > 0, c1 > 0, c2 > 0, and c3 > 0 are constants. Note
that this new objective function is quadratic relative to w
and ψ with wT(J♦{H1 ,H2 , ...,Hk})ψ being a cross term.
Now, the reformulated optimization problem can be sum-
marized as

min
w,ψ

−c3wT(J♦{H1 ,H2 , ...,Hk})ψ + c0‖Jw − vd‖2/2

+ c1‖(Im ⊗ JJT)ψ − vec(Im )‖2/2 + c2‖w‖2/2 (32a)

Jw = vd (32b)

(Im ⊗ JJT)ψ = vec(Im ) (32c)

w ∈ Ω. (32d)

So far, the redundancy resolution for manipulability optimiza-
tion has been formulated as a constrained quadratic program-
ming. However, the solution to the optimization problem (30)
cannot be obtained directly.

V. NEURAL NETWORKS FOR REDUNDANCY RESOLUTION

In this section, we consider to develop neural dynamics for
real-time solution of the optimal manipulability redundancy res-
olution problem (32). We first convert the problem into the
solution of a nonlinear equation set and then establish neural
dynamics for solving this nonlinear equation set.

A. Conversion to a Nonlinear Equation Set

To solve (32), we first convert it into a set of nonlinear equa-
tions. Define a Lagrange function as follows:

L(w ∈ Ω, ψ, λ, σ) = −c3wT(J♦{H1 ,H2 , ...,Hk})ψ
+ c0‖Jw − vd‖2/2 + c1‖(Im ⊗ JJT)ψ − vec(Im )‖2/2

+ c2‖w‖2/2 + λT(Jw − vd)

+σT
(
(Im ⊗ JJT)ψ − vec(Im )

)
. (33)

According to the Karush–Kuhn–Tucker condition [33], the so-
lution of (32) has to satisfy the following:

− ∂L

∂w
∈ NΩ(w),

∂L

∂ψ
= 0 (34)

where NΩ(w) denotes the normal cone of set Ω at w. Equation
(34) includes normal cone operationNΩ(w) in its expression. It
can also be equivalently written in the following form with the
aid of projection operators:

w = PΩ

(
w − ∂L

∂w

)
(35)

i.e.,

w = PΩ[c3(J♦{H1 ,H2 , ...,Hk})ψ − c0J
T(Jw − vd)

+ (1 − c2)w − JTλ]. (36)

Together with ∂L/∂ψ = 0 in (34), and the equation constraints
in (32), the nonlinear equations for the optimization problem
(32) can be summarized as

0 = −w + PΩ[c3(J♦{H1 ,H2 , ...,Hk})ψ
− c0J

T(Jw − vd) + (1 − c2)w − JTλ], (37a)

0 = −c3(J♦{H1 ,H2 , ...,Hk})Tw + c1
(
(Im ⊗ JJT)

· [(Im ⊗ JJT)ψ − vec(Im )]
)

+ (Im ⊗ JJT)σ, (37b)

0 = Jw − vd, (37c)

0 = vec(Im ) − (Im ⊗ JJT)ψ. (37d)

The above derivation can be summarized in the following
lemma.

Lemma 5: The solution to the problem of manipulator re-
dundancy resolution with maximal manipulability, i.e., the con-
strained optimization problem (32), is identical to the solution
to the nonlinear equation set (37).

B. Neural Dynamics for Real-Time Redundancy
Resolution

So far, we have converted the manipulability optimization
problem into a nonlinear equation one. However, solving (37),
due to its inherent nonlinearity, is a time-consuming task and
usually is hard to implemented in real time. Additionally, notice
that the nonlinear equation set (37) is in nature a time-varying
system and its solution thus also varies with time. How to find
the solution of (37) efficiently and keep track of it with time is a
challenging problem. In this part, we present a dynamic neural
network, which is able to address the problem recurrently.
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Fig. 1. Neural network architecture.

For the nonlinear equation set (37), we construct a dynamic
neural network, as described by the following ordinary differ-
ential equations with the equilibrium point identical to (37), to
solve the redundancy resolution problem:

εẇ = −w + PΩ[c3(J♦{H1 ,H2 , ...,Hk})ψ
− c0J

T(Jw − vd) + (1 − c2)w − JTλ], (38a)

εψ̇ = −c3(J♦{H1 ,H2 , ...,Hk})Tw + (Im ⊗ JJT)σ

+ c1
(
(Im ⊗ JJT)[(Im ⊗ JJT)ψ − vec(Im )]

)
, (38b)

ελ̇ = Jw − vd, (38c)

εσ̇ = vec(Im ) − (Im ⊗ JJT)ψ (38d)

where scaling factor ε > 0.
The architecture of the proposed dynamic neural network

(39) is shown in Fig. 1 for the situation with m = 3, k = 6
(m is the dimension of workspace, k is the number of joint
angle of a PUMA560 redundant robot manipulator investigated
in the ensuing simulations). From this figure, it is clear that the
neural network is organized in a one-layer architecture, which
is composed of k +m+ 2m2 neurons, and is a nonlinear layer
with dynamic feedback. This layer of neurons is associated with
the state variables w ∈ Rk , ψ ∈ Rm 2

, λ ∈ Rm , and σ ∈ Rm 2
,

and gets input from vd . It follows (39 a)–(39 d) for dynamic
updates and maps the state variables to the output, which is the
joint velocity w of the robot manipulator.

C. Convergence Analysis

This part proves the stability and convergence on the proposed
neural network (39) via the following theorem.

Theorem 1: The dynamical neural network (39) is stable and
is globally convergent to the optimal solution of (32).

Proof: Note that, in this proof, J♦H stands for J♦{H1 ,
H2 , ...,Hk} due to space limitation. By letting Υ = [w,ψ, λ,
σ]T, dynamical neural network (39) can be formulated as �

εΥ̇ = −Υ + PΘ[Υ − �F (Υ)] (39)

where � = 1, PΘ(·) = [PΩ , PΛ]T ∈ R2m 2 +m+k with PΛ ∈
R2m 2 +m and with the upper and lower limits of set Λ being±∞.
Defining F1(Υ) = −c3(J♦H)ψ + c0J

T(Jw − vd) + c2w +
JTλ and F2(Υ) = c3(J♦H)Tw − c1

(
(Im ⊗ JJT) · [(Im ⊗

JJT)ψ − vec(Im )]
)− (Im ⊗ JJT)σ,

F (Υ) =

⎡

⎢⎢⎢
⎢
⎣

F1(Υ)

F2(Υ)

vd − Jw

(Im ⊗ JJT)ψ − vec(Im )

⎤

⎥⎥⎥
⎥
⎦
∈ Rk+2m 2 +m

and

∇F (Υ) =

⎡

⎢⎢
⎢⎢⎢⎢⎢⎢
⎣

∂F1(Υ)
∂w

∂F1(Υ)
∂ψ

∂F1(Υ)
∂λ

∂F1(Υ)
∂σ

∂F2(Υ)
∂w

∂F2(Υ)
∂ψ

∂F2(Υ)
∂λ

∂F2(Υ)
∂σ

−J 0 0 0

0 (Im ⊗ JJT) 0 0

⎤

⎥⎥
⎥⎥⎥⎥⎥⎥
⎦

=

⎡

⎢⎢⎢
⎢
⎣

c0J
TJ + c2I −c3J♦H JT 0

c3(J♦H)T c1(Im ⊗ JJT)2 0 −Im ⊗ JJT

−J 0 0 0

0 Im ⊗ JJT 0 0

⎤

⎥⎥⎥
⎥
⎦
.

Therefore, F (Υ) is continuously differentiable in view of the
existence of ∇F (Υ). In addition, it can be readily deduced that
Im ⊗ JJT = (Im ⊗ JJT)T. In view of the facts that c0 > 0,
c1 > 0, and c2 > 0, we further have

∇F (Υ) + ∇TF (Υ)

=

⎡

⎢⎢⎢⎢
⎣

2c0JTJ + 2c2I 0 0 0

0 2c1(Im ⊗ JJT)2 0 0

0 0 0 0

0 0 0 0

⎤

⎥⎥⎥⎥
⎦
	 0.

Based on Definition 3, it can be concluded that matrix F (Υ) is
a semi-definite matrix and then we have that the corresponding
mapping F (Υ) is monotone.

From Lemma 4, it is thus summarized and generalized from
the above analyses that the proposed dynamical neural network
(39) is stable and is globally convergent to the optimal solution
of (32). The proof is thus completed. �

VI. ILLUSTRATIVE EXAMPLES

In this section, computer simulations are conducted on a
PUMA 560 manipulator with the parameters summarized in
Table I to demonstrate the effectiveness of the proposed ma-
nipulability optimization scheme (32) as well as its dynamical
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Fig. 2. Simulation results on motion trajectories and manipulability measures for the manipulability optimization of PUMA 560 manipulator via self
motion with its end-effector fixed at [0.55, 0, 1.3] m in the workspace. (a) Motion trajectories. (b) Manipulability measures.

Fig. 3. Simulation results on profiles of joint-angle, joint-velocity, and position-error for the manipulability optimization of PUMA 560 manipulator
via self motion with its end-effector fixed at [0.55, 0, 1.3] m in the workspace. (a) Joint-angle profiles. (b) Joint-velocity profiles. (c) Position-error
profiles.

TABLE I
PUMA 560 D-H PARAMETERS

Link a (m) α (rad) d (m)

1 0 π/2 0.67
2 0.4318 0 0
3 0.4318 −π/2 0.15005
4 0 π/2 0
5 0 −π/2 0
6 0 0 0.2

neural network solver (39). Being an articulated manipulator
with six independently controlled joints, the PUMA 560 can
reach any position in its workspace at any orientation via its
end effector. In the following simulations, we consider only
the three-dimension position control of the end effector, and
thus, the PUMA 560 can be deemed as a redundant manipulator
for this particular task.

A. Manipulability Optimization Via Self Motion

In this section, we perform simulations via self motion of
PUMA 560 manipulator, i.e., by using different schemes to
drive the manipulator from one state with low manipulability to

another state with high manipulability and without moving the
end-effector in Cartesian space. With parameters being set as
ε = 0.01, c0 = c1 = 1, c2 = c3 = 0.01, k0 = 5, Ω = [−2, 2]6

and the rest ones being initially set as 0 (e.g., ẇ), a typical simu-
lation run from a random initialization is generated as shown in
Figs. 2 and 3. Specifically, as illustrated in Fig. 2(a), the manip-
ulator adjusts its state with the end-effector being unmoved. As
shown in Fig. 2(b), the manipulability measureμ =

√
det(JJT)

of the PUMA 560 manipulator increases to 0.17, which means
that the proposed manipulability optimization scheme (32) is
effective. The corresponding simulation results on the detailed
profiles of joint-angle, joint-velocity, and position-error for the
manipulability optimization of the PUMA 560 via self motion
are illustrated in Fig. 3. It can be seen from Fig. 3 that, after
a short-time adjustment, the joint angle θ of the PUMA 560
converges to a constant value in Fig. 3(a), and correspondingly
the joint velocity θ̇ approaches to zero as shown in Fig. 3(b).
The control error e = r − rd , where rd represents the reference
position in workspace, approaches to zero with time as shown in
Fig. 3(c). Overall, as shown in Figs. 2 and 3, the manipulability
optimization of PUMA 560 manipulator via self-motion synthe-
sized by the proposed manipulability optimization scheme (32)
as well as its dynamical neural network solver (39) is illustrated
preliminarily.
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Fig. 4. Simulation results on motion trajectories, manipulability measures, and joint-angle profies of PUMA 560 synthesized by the scheme
presented in [12] with its end-effector fixed at [0.55, 0, 1.3] m in the workspace. (a) Motion trajectories. (b) Manipulability measures. (c) Joint-angle
profiles.

Fig. 5. Simulation results of PUMA 560 for tracking a circular path in the workspace synthesized by the proposed scheme (32). (a) Motion
trajectories. (b) Manipulability measures and position-error profiles. (c) Joint-angle profiles. (d) Joint-velocity profiles.

In addition, as a comparison, simulations results of PUMA
560 manipulator synthesized by the scheme presented in [12]
are illustrated in Fig. 4. With all the parameters being same as
those in the simulations shown in Figs. 2 and 3, the PUMA 560
manipulator does not move and its manipulability keeps at the
value of 0.091. In summary, these simulation results demonstrate
the effectiveness of the proposed manipulability optimization
scheme (32) in the increase of the manipulability as well as the
singularity avoidance.

B. Manipulability Optimization in Circular Path Tracking

In this part, computer simulations synthesized by the pro-
posed manipulability optimization scheme (32) are conducted

to track a circular path. Specifically, the reference position of the
PUMA 560’s end-effector moves at an angular speed at 0.2 rad/s
along a circle centered at [0.25, 0, 1.3] m with radius 0.2 m and
the revolute angle for 30◦ around the X-axis. In addition, the
parameters are set as ε = 0.01, c0 = c1 = 1, c2 = c3 = 0.01,
k0 = 5, Ω = [−0.5, 0.5]6 with the rest ones being initially set
as 0 (e.g., ẇ). A typical simulation run, as shown in Fig. 5, can
be generated using the proposed manipulability optimization
scheme (32) with starting from a random initial configuration.
As shown in Fig. 5(a), the end-effector of PUMA 560 manipula-
tor tracks the circular path successfully in the three-dimension
work-plane with its initial position being not on the desired
path. The manipulability measures and position-error profiles
are illustrated in Fig. 5(b), from which we can observe that the
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TABLE II
COMPARISONS AMONG DIFFERENT SCHEMES FOR MANIPULABILITY OPTIMIZATION OF REDUNDANT MANIPULATORS

Computational time with respecting
to different radiuses ra ‡

Initial Singularity Matrix Acceleration Physical limits Average ra = ra = ra =
position avoidance inversion versus velocity avoidance manipulability 0.2 m 0.43 m 0.45 m

This paper Any Yes No Velocity Yes 0.0847 2.7 s 12.4 s 15.2 s
Scheme in [10] Any No Yes Velocity No 0.0592 1.0 s NA§ NA§
Scheme in [30] Restrictive† No No Acceleration Yes 0.0606 1.4 s 15.6 s 18.4 s
Scheme in [12] Restrictive† No No Acceleration Yes 0.0619 1.1 s 14.9 s 18.7 s
Scheme in [28] Any Yes Yes Velocity Yes 0.0778 1.9 s 1029 s NA§
Scheme (19) in [29] Any No No Velocity Yes 0.0606 1.6 s 14.7 s 19.1 s
Scheme (41) in [29] Any No No Velocity Yes 0.0605 1.7 s 13.6 s 17.9 s

† For the schemes in [12], [30], the initial position of the end-effector is required to be on the desired trajectory for tracking.
‡ ra = 0.2 m, ra = 0.43 m, ra = 0.45 m, correspond to the situations of well-conditioned Jacobian matrix, almost singular Jacobian matrix and singular
Jacobian matrix, respectively.
§ “NA” means that a crashed phenomenon arising in the solving process with the aid of the associated scheme

Fig. 6. Manipulability measures of PUMA 560 by different schemes.

manipulator is always away from singularity and the position
error converges to zero after a short-time transient. In addition,
the joint angle θ varies with time in Fig. 5(c). As shown in
Fig. 5(d), the joint velocity θ̇ is kept within the limits. These
results verify the effectiveness of our method.

C. Comparisons

In this part, we compare the proposed manipulability opti-
mization scheme (32) with existing solutions for tracking con-
trol of redundant manipulators presented in [10], [12], [28]–[30].
Scheme presented in [12] extends results in [30] from an equiv-
alent relationship viewpoint on the velocity-level redundancy
resolution and acceleration-level resolution. In this paper, we
focus on the velocity-level resolution and the proposed manip-
ulability optimization scheme (32) applies to it. As summarized
in Table II, the proposed one in this paper is able to deal with the
manipulability optimization problem in an inverse-free manner,
while existing ones [10], [12], [28]–[30] cannot handle such a
knotty problem. In addition, due to the lack of direct position
feedback in [12], [30], the initialization of the manipulator’s
end-effector is strictly restricted to the desired position on the
desired path. Moreover, as indicated in Table II as well as Fig. 6,
another major difference lies that the proposed scheme (32) al-
ways maximizes the manipulability of the manipulators, while
others show less satisfying performance.

It also can be observed from the table that, for the situation of
well-conditioned Jacobian matrix, the total computational time
related to the proposed scheme (32) is 2.7 s, which is longer
than that of the rest ones listed in the table. This is because that
extra effort is paid for the optimization of manipulability. The
total computational time of scheme (32) is much shorter than
the task duration (i.e., 50 s), which means that such a scheme
can be employed to the online solution of motion generation of
redundant robot manipulators. In addition, it can be found in the
table that, for the situation of almost singular Jacobian matrix,
the scheme presented in [28] consumes 1029 s to fulfill the task,
much longer than the task duration (i.e., 50 s), which means that
such a scheme cannot be employed to the online solution of mo-
tion generation of redundant robot manipulators. By contrast,
the total computational time related to scheme (32) is 12.4 s,
which is much shorter due to the avoidance of time-consuming
matrix inversion when the matrix is almost singular. It is also
noteworthy that as the benefit of manipulability optimization,
the proposed scheme can quickly solve the control action while
others without optimizing manipulability have to update control
actions very frequently when their Jacobian reaches singular,
resulting the fact that the proposed scheme consumes less time
than those without manipulability optimization [12], [29], [30].
Moreover, it can be observed from the table that, for the situa-
tion of singular Jacobian matrix, the scheme presented in [28]
cannot fulfill such a given path-tracking task, which is mainly
because of the real-time matrix-inversion operation involved in
the scheme. Therefore, this scheme fails when encountering a
singular Jacobian matrix. By contrast, as shown in the table,
even without the ability to maximize the manipulability during
the task execution process, these QP-based schemes presented
in [12], [29], [30] could generate an approximated solution with
no feasible solution at the cost of large position errors. As a
QP-based control law designed for manipulability optimization
of redundant robot manipulators in an inverse-free manner, the
proposed manipulability optimization scheme (32) could handle
such a knotty problem in an acceptable way. That is, our sche-
me could always maximize the manipulability in the situation of
nonsingular Jacobian matrix, and generate an approximated so-
lution for commanding the manipulator motion in the situation
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of singular Jacobian matrix with the superior computational ef-
ficiency and lesser position errors compared with other existing
schemes.

Besides, it is worth comparing here the manipulability
optimization scheme (32) and the manipulability-maximizing
scheme presented in [28], both of which are exploited to
maximize the manipulability during the motion generation of
redundant robot manipulators. To lay a basis for discussion, the
manipulability optimization scheme presented in [28] is
rewritten as

min
w

1
2
wTw − (det(JJT)tr((JJT)−1 ∂(JJT)

∂θ
))Tw (40a)

Jw = vd (40b)

w ∈ Ω. (40c)

The reasons for the different performance of these schemes
can be explained intuitively as follows. The manipulability op-
timization scheme (40) has more computational load due to the
matrix inversion involved, i.e., the matrix JJT has to be inverted
in real time. On the contrary, the proposed manipulability op-
timization scheme (32) is able to deal with the manipulability
optimization problem in an inverse-free manner. On the one
hand, for the well-conditioned Jacobian matrix, such a matrix
inversion operation can be readily done and scheme (40) seems
to be effective in this situation. On the other hand, it is unneces-
sary to implement a scheme for maximizing the manipulability
with well-conditioned Jacobian matrix since the given task is far
away from singularity. It is worth noting that, as matrix inversion
operation existing in scheme (40), it would take much longer
time than scheme (32) to compute the inverse of an almost singu-
lar Jacobian matrix, which may violate real-time requirements
on the motion generation of redundant robot manipulators. What
is worse, for the situation of singular Jacobian matrix, the ma-
nipulability optimization scheme (40) cannot work since there
does not exist the inverse of a singular matrix. Note that, as long
as one eigenvalue of the matrix JJT is zero, scheme (40) would
fail to compete the task. However, the proposed manipulability
optimization scheme (32) can handle such a knotty problem.

VII. CONCLUSION

In this paper, we established a dynamic neural network for
recurrent calculation of manipulability-maximal control actions
for redundant manipulators under physical constraints in an
inverse-free manner. By expressing position tracking and matrix
inversion as equality constraints, physical limits as inequality
constraints, and velocity-level manipulability measure, which
is affine to the joint velocities, as the objective function, the
manipulability optimization scheme was further formulated as
a constrained QP. Then, a dynamic neural network with rig-
orously provable convergence was constructed to solve such a
problem online. Computer simulations show that compared to
the existing methods, the proposed scheme can raise the manip-
ulability by 40% on average, which substantiates the efficacy,
accuracy, and superiority of the proposed scheme.
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