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Cooperative and Active Sensing in Mobile Sensor
Networks for Scalar Field Mapping
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Abstract—Scalar field mapping has many applications includ-
ing environmental monitoring, search and rescue, etc. In such
applications, there is a need to achieve a certain level of confi-
dence regarding the estimates of the scalar field. In this paper, a
cooperative and active sensing framework is developed to enable
scalar field mapping using multiple mobile sensor nodes. The
cooperative and active controller is designed via the real-time
feedback of the sensing performance to steer the mobile sensors
to new locations in order to improve the sensing quality. During
the movement of the mobile sensors, the measurements from each
sensor node and its neighbors are fused with the corresponding
confidences using distributed consensus filters. As a result, an
online map of the scalar field is built while achieving a cer-
tain level of confidence of the estimates. We conducted computer
simulations to validate and evaluate our proposed algorithms.

Index Terms—Active sensing, cooperative sensing, flocking
control, mobile sensor networks, sensor fusion.

I. INTRODUCTION

A. Motivation

IN recent years, measuring and exploring an unknown field
of interest has attracted much attention of environmental

scientists and control engineers [1]–[6]. Typical applications
include environmental monitoring [7]–[12], mapping of oil
spill or toxic-chemical pollution [13]–[16], etc. One exam-
ple is the Gulf of Mexico oil spill in 2010. According to the
National Oceanic and Atmospheric Administration (NOAA),
an estimated 2 10 000 gallons a day leaked from the ruptures
into the gulf [see Fig. 1(a)]. Another example is harmful algal
bloom [see Fig. 1(b)] which can produce cyanotoxins [15] and
has serious adverse health effects to humans and aquatic life as
well [15], [16]. In order to tackle such pollution, it is desired
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to build a map of the pollution field which may represent, for
example, the density of the oil spill or the concentration of the
algal bloom. Because the scalar field usually occupies a large
area, MSNs offer an ideal solution to this mapping problem.
To obtain an estimate of the scalar field, the sensor nodes need
cooperate with each other in a distributed fashion.

In our previous work [17], [18], a cooperative sensing algo-
rithm was developed for an MSN to build the map of the
scalar field. Based on this algorithm, all mobile sensors can
form a quasi-lattice formation and work together to estimate
the value at each location of the field along with its own con-
fidence of estimates. Since the cooperative controller is not
active, the sensing performance or the confidence is not con-
sistent over the field. This could negatively affect many scalar
field mapping applications such as temperature field mapping,
search, and rescue, where a need exists to achieve a certain
level of confidence regarding the estimates at each location.
Using the normal cooperative sensing algorithm developed in
our previous papers [17], [18], we find that some locations
(cells) have very low confidence. This means that the MSN
may miss important information at these cells. For example,
in search and rescue operations the MSN may miss the objects
at the locations where the confidence of the estimate is low.
Also, some cells may have very high confidence, which could
cause unnecessary measurements and energy consumption.
This motivates us to develop a new active sensing algorithm
which can integrate both sensing and motion control to adapt
to the environments so that the sensing performance can be
improved.

There are several challenges that should be addressed. First,
the active sensing algorithm should be designed in a distributed
fashion so that each mobile sensor node only needs to cooper-
ate with its neighbors to adjust its configurations. Second, the
estimation and control have to be performed on-line in order
to adapt to the changes of the environments. Third, the sen-
sor fusion algorithm should also be designed in a distributed
way to allow each sensor node to estimate the field in real
time while only exchanging measurement information with its
neighbors.

For simplicity, in this paper, we only focus on adjusting
the relative location among sensor nodes while in other appli-
cations, the sensor configurations could include focal length,
field of view of the cameras, etc. Specifically, our problem
focuses on how to control the movement of the mobile sen-
sors in a cooperative fashion to increase the confidence level
of the estimates. We aim to ensure quasi-uniform confidence
on the estimates. Here by quasi-uniform confidence we mean

2168-2216 c© 2014 IEEE. Personal use is permitted, but republication/redistribution requires IEEE permission.
See http://www.ieee.org/publications_standards/publications/rights/index.html for more information.



2 IEEE TRANSACTIONS ON SYSTEMS, MAN, AND CYBERNETICS: SYSTEMS, VOL. 45, NO. 1, JANUARY 2015

Fig. 1. (a) Oil spill in the Gulf of Mexico caused ships and rig workers to
evacuate (Photo by Mario Tama/Getty Images). (b) Estimated field of chloro-
phyll generated by the harmful algal blooms observation system [16] by the
National Oceanic and Atmospheric Administration (NOAA) (photo courtesy
of NOAA).

that the confidence is within a lower and upper bound. In
addition, our approach to sensor fusion is to use decentralized
consensus filters and a weighted average update protocol to
allow sensor nodes to quickly agree on the estimation.

In summary, the main contributions of this paper are as
follows.

1) A distributed sensor fusion algorithm is developed for
cooperative sensing and this algorithm integrates both
spatial and temporal estimation based on consensus fil-
ters. A convergence analysis for the proposed distributed
consensus filter is provided.

2) An active sensing algorithm is developed to incorporate
the realtime feedback of sensing performance into the
sensor motion control. Such a feedback control enables
the mobile sensor network to achieve a quasi uniformity
on the confidence of the estimates.

3) Simulation results are provided to verify the effective-
ness of the proposed algorithms. Part of the work has
been published in a conference paper [34].

B. Literature Review

Cooperative sensing using MSNs has gained increasing
interest in environmental modeling and coverage [1], [2], [6],
[19], [35]. Cooperative sensing based on the gradient descent
algorithms to obtain the optimal coverage is developed in [2],
and optimal sensor placement for environment monitoring can
be found in [35]. For dynamic environment coverage, a control
strategy based on the discrete Kalman filter is developed [1].
The approach relies on the Kalman filter to estimate the field
and on the filter’s prediction step to plan the vehicles’ next
move to maximize the estimation quality. In [19], an opti-
mal filtering approach to fusing local sensor data into a global
model of the environment is developed. The approach is based
on the use of average consensus filters to distributedly fuse
the sensory data through the communication network. Along
with the consensus filters, control laws are developed for
mobile sensors to maximize their sensory information relative
to current uncertainties in the model. Additionally, coopera-
tive sensing algorithms have been developed for applications
in environmental estimation [23], sampling and exploring [3],
[4], [24]. More details of the existing works in this area can be
seen in [36]. In [23], an MSN is deployed in an environment
of interest, and takes measurements of a spatio-temporal ran-
dom field. A distributed Kriged–Kalman filter is developed to

estimate the random field and its gradient. In [24], underwater
vehicles are deployed to measure temperature and currents.
The vehicles communicate via an acoustic local area net-
work and coordinate their motion in response to local sensing
information and evolving environments. This mobile sensor
network aims to provide the ability to sample the environment
adaptively in space and time. In [3], a class of underwater vehi-
cles are used to obtain a sampling coverage over a large area
via a cooperative control method. To further improve the coop-
erative sensing performance, both cooperative motion control
and cooperative sensing are integrated based on a coopera-
tive Kalman filter [4] to control the shape of the sensor node
formation in order to minimize the estimation errors.

On the other hand, active sensing in MSNs has been studied
by many researchers in control engineering [20]–[22], [25],
[26], [33], [37], [38]. The early work can be found in [20]
and [21] where an active sensing algorithm for MSNs to esti-
mate the state of dynamic targets is proposed. To achieve
active sensing, the mobility of sensing agents is utilized to
improve the sensing performance. However, the gradient con-
troller for active sensing is designed in a centralized way. To
relax this limitation, a distributed gradient controller is pro-
posed in [22]. This controller is designed by constructing a
dynamic average consensus estimator and using a one-hop
neighbor for communication so that both formation control
and cooperative sensing are integrated to improve the sens-
ing performance. Along with cooperative sensing, the active
sensing algorithms for source seeking and radiation mapping
have been developed [25]–[32]. The problem of source seek-
ing is first addressed in [27], and then it is thoroughly studied
in [28]–[30] for the case when direct gradient information of
the measured quantity is unavailable. Specifically, Pang and
Farrell [28] address chemical plume source localization by
constructing a source likelihood map based on Bayesian infer-
ence methods. Mesquita et al. [29] introduce a source seeking
behavior without direct gradient information by mimicking
E. coli bacteria. Mayhew et al. [30] propose a hybrid con-
trol strategy to locate a radiation source utilizing only radiation
intensity measurements. Additionally, active sensing for radia-
tion mapping is developed in [25], [26]. The control algorithm
takes into account sensing performance as well as dynamics
of the observed process. Therefore, it can steer mobile sensors
to locations where they maximize the information content of
the measurement data.

The summary of related work is shown in Table I. All of the
above mentioned cooperative and active sensing works mainly
focus on target(s) tracking, sensor placement, source seeking,
terrain reconstructions, and radiation mapping [10]. To the best
of our knowledge, the problem of scalar field estimation and
mapping based on multiagent cooperative and active sensing
has not been fully addressed.

The rest of this paper is organized as follows. Section II first
gives the details of the scalar field and measurement model-
ing and the problem formulation, then presents an overview of
the approach to cooperative and active sensing for scalar field
mapping using mobile sensor networks. Section III presents a
distributed sensor fusion algorithm for mapping the unknown
scalar field. Section IV proposes a design of the active
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TABLE I
SUMMARY OF RELATED WORK IN COOPERATIVE AND ACTIVE SENSING

potential controller to improve the confidence performance.
Section V shows the simulation results. Finally, Section VI
concludes this paper.

II. OVERVIEW

This section presents the problem statement of the coop-
erative and active sensing using a mobile sensor network for
scalar field mapping, and then an overview of the approach to
this problem.

A. Problem Formulation

We first model a mobile sensor network as a dynamic graph
G consisting of a vertex set ϑ = {1, 2..., n} and an edge set
ζ ⊆ {(i, j):i, j ∈ ϑ, j �= i}. In this graph, each vertex denotes a
mobile sensor node, and each edge denotes the communication
link between sensor nodes.

We then define a neighborhood set of sensor node i at time
step t as follows:

Ni(t) = {
j ∈ ϑ : ‖qj − qi‖ ≤ r, ϑ = {1, 2, . . . , n} j �= i

}
(1)

here qi ∈ R2 is the position of sensor node i; and r is the
communication (active) range of the sensor node.

We model the scalar field of interest in a 2-D space of (x, y)
as [17]

F(x, y) = ��T(x, y) =
K∑

j=1

θjφj(x, y) (2)

here � = [θ1, θ2, . . . , θK], and �(x, y) = [φ1, φ2, . . . , φK],
where φj(x, y) is a function representing the density distribu-
tion, and θj is the weight of the density distribution of the
function φj(x, y). j is the index, and K is the total number of
density distribution functions.

We partition the scalar field F into a grid of C cells. Each
sensor i makes an observation (measurement) of the scalar
field at cell k (k ∈ {1, 2, . . . , C}) at time step t

mk
i (t) = Ok

i (t)[F
k(t) + nk

i (t)] (3)

here nk
i (t) is uncorrelated noise with zero mean and variance

Vk
i (t) at time step t, namely, nk

i (t) ∼ N (0, Vk
i (t)). Ok

i (t) is the
observability of sensor node i at cell k at time step t, and it is
defined as

Ok
i (t) =

{
1, if ‖qi(t) − qk

c‖ ≤ rs
i

0, otherwise
(4)

where qk
c ∈ R2 is the location of cell k; and rs

i is the
sensing/measurement range of sensor node i.

Each mobile sensor node makes a measurement at cell k
corresponding to its position. We assume that the variance
Vk

i (t) is related to the distance between sensor node i and cell
k according to

Vk
i (t) =

{ ‖qi(t)−qk
c‖2+cv

(rs
i )

2 , if ‖qi(t) − qk
c‖ ≤ rs

i

0, otherwise
(5)

here 0 < cv < 1.

Given the measurements of the sensor node i in (3), mk
i (t),

and its neighbors, mk
j (t), at each cell k of the scalar field F as

modeled in (2) with observability Ok
i (t) in (4), and measure-

ment variance Vk
i (t) in (5), our problem here is to design a

distributed sensor fusion algorithm and an active control algo-
rithm to allow mobile sensors to move together and build the
map of the unknown scalar field, namely, the following.

1) Design consensus filters to allow each sensor node to
find out the spatial estimation and the confidence of
estimation of the field F at each cell k.

2) Design an online update protocol to allow each sensor
node find out the final estimation and the confidence of
estimation of the field F along the sensor movement.

3) Design an active and cooperative controller to allow the
sensor nodes to form a network and actively adjust the
configuration via feedback of sensing performance.

The constraints are as follows.
1) Each sensor only communicates with its neighbors to

exchange the position information within its active range
(ri).

2) Each sensor only communicates with its neighbors to
exchange the measurement information within its sens-
ing range (rs

i ).
3) The confidence performance of the field estimation is

maintained within a certain bound, or it should satisfy
the quasi-uniform requirement.

B. Overall Framework

This subsection presents a framework of cooperative and
active sensing for scalar field mapping using mobile sensor
networks. The sensors form a network and take measurements
of the scalar field along their movement. These measurements
are fused via the consensus filters and a weighted average
protocol to obtain the estimates of the field. The confidence
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Fig. 2. Framework of the distributed sensor fusion algorithm and active
sensing for scalar field mapping.

of the estimates is used as feedback for the controller to control
the MSN to new locations to improve the sensing performance.
The details of this active sensing framework are shown in
Fig. 2.

The framework consists of four blocks 1–4. Block 1 (spa-
tial estimation phase) and Block 2 (temporal estimation phase)
represent the two update phases of the distributed sensor fusion
algorithm. In the spatial estimation phase, the measurements of
sensor node i and its neighbors at each cell are the inputs
of Consensus Filter 1, which outputs the estimate of the value
of the scalar field at each cell at each time step. The con-
fidences (weights) of the measurements of each sensor node
and its neighbors at each cell are the inputs of Consensus
Filter 2, which outputs the estimate of the confidence. During
the movement, each sensor node obtains a sequence of esti-
mates of the value at each cell with associated confidence.
These estimates and confidences will then be fused with a
weighted average protocol to derive the final estimate in an
iterative way.

Block 3 represents a cooperative and active controller
which is designed based on the artificial potential field
approach [39]–[41]. This controller only requires local infor-
mation (position and velocity of each sensor node and its
neighbors), but it can distributedly control the mobile sen-
sors to first form a quasi-lattice network (see top of Fig. 2)
and then move the MSN in the desired trajectory to cover
the whole scalar field. Based on the real-time feedback
of the confidence of estimates the active controller can
allow the mobile sensors to move to locations which have
a low level of confidence and steer away locations which
have a high level of confidence to achieve better sensing
performance.

Fig. 3. Illustration of the relation between iteration index l and time step t.

Block 4 represents scalar field mapping. The final estimate
at each cell of the scalar field obtained from the temporal
estimation phase goes to the map generator, and then the map
of the field is created online corresponding to the location of
the MSN.

III. DISTRIBUTED SENSOR FUSION ALGORITHM

This section presents a distributed sensor fusion algorithm
which consists of two consensus filters which allow each sen-
sor to exchange the information among its neighbors, and the
average update protocol which allows each sensor to update
the final estimation of the scalar field at each cell.

A. Consensus Filter 1

Since each sensor may have different measurements to the
cell k of the scalar field F, the Consensus Filter 1 is introduced
to find the agreement among these measurements.

Let xk
i (l) be the spatial measurement of sensor node i at cell

k, and the initial condition for this measurement state is given
as xk

i (l = 0) = mk
i (t) as defined in (3). Similar to [42]–[44],

we have distributed linear iterations of the following
form:

xk
i (l + 1) = wk

ii(t)x
k
i (l) +

∑

j∈Ni(t)

wk
ij(t)x

k
j (l) (6)

here l is the iteration index in the running process of the con-
sensus filter, and t is time step (see Fig. 3) at which sensor
i makes an observation/measurement to cell k. Specifically, at
each time step t sensor i runs the consensus filter (6). We
assume that δt = t(k) − t(k − 1) is large enough so that after
several iterations the consensus filter can find an agreement
among all measurements of sensors by exchanging informa-
tion with its neighbors. The weight, wk

ii(t), is the self weight
or vertex weight of each sensor to cell k, and wk

ij(t) is the
edge weight between sensor i and sensor j. These weights are
defined as follows [17]:

wk
ij(t) =

⎧
⎪⎪⎨

⎪⎪⎩

cw
1

Vk
i (t)

, (Vk
i (t) �= 0), if i = j

1−wk
ii(t)|Ni(t)| , if i �= j, j ∈ Ni(t)

0, otherwise

(7)

here, cw
1 is constant and satisfies the following condition [17]:

0 < cw
1 <

cv

(rs
i )

2
. (8)

The convergence of Consensus Filter 1 is given in the
Appendix. For more details of this consensus design please
refer to [17].
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B. Consensus Filter 2

Different to the Consensus Filter 1 which is used to find the
agreement among the measurements of the sensor nodes,
the Consensus Filter 2 is introduced to find the agreement
of the confidences of spatial measurements of sensor nodes.

Let yk
i (l) be the spatial confidence of the measurement of

sensor node i at cell k, and the initial condition for this con-
fidence state is given as yk

i (l = 0) = wk
ii(t) as defined in (7).

Then, we have the following consensus filter:

yk
i (l + 1) = Mk

ii(t)y
k
i (l) +

∑

j∈Ni(t)

Mk
ij(t)y

k
j (l) (9)

here Mk
ij(t) is the Metropolis weight [42] as

Mk
ij(t) =

⎧
⎪⎨

⎪⎩

1
1+max(|Ni(t)|,|Nj(t)|) , if i �= j, j ∈ Ni(t)

1 −∑
j∈Ni(t) Mk

ij(t), if i = j
0, otherwise

(10)

When Consensus Filter 2 converges, it will give the overall
confidence of the estimate at cell k. We call this overall confi-
dence as the estimated weight, Wk

i (t), and this weight will be
used in the temporal estimation phase.

C. Average Update Protocol

Let lc be an iteration that both consensus filters 1 and 2
converge (see Fig. 3), then we can obtain the value estimate
Ek

i (t) of cell k associated with the estimated weight Wk
i (t) as

follows:
{

Ek
i (t) = xk

i (lc)
Wk

i (t) = yk
i (lc).

(11)

From the result of estimates in (11) we can find the final
estimate of the value of the scalar field at each cell k via the
following process.

1) Update weight/confidence

W
k
i (t) = Wk

i (t − 1) + Wk
i (t − 2) + ... + Wk

i (0). (12)

2) Update the final estimate based on the Weighted Average
protocol

E
k
i (t = 0) = Ek

i (t = 0) = xk
i (lc) (13)

E
k
i (t) = W

k
i (t − 1)E

k
i (t − 1) + Wk

i (t)Ek
i (t)

W
k
i (t − 1) + Wk

i (t)
. (14)

IV. POTENTIAL CONTROLLER DESIGN FOR

ACTIVE SENSING

In this section we aim to develop a potential controller
for cooperative and active sensing, and the main idea of our
approach is shown in Block 3 in Fig. 2. Our purpose is to
use the feedback of the estimation confidence to adjust the
movement of the sensors so that they can improve the sensing
performance in a distributed fashion. Specifically, the potential
controller is designed to steer the mobile sensors to the new
locations in order to achieve the quasi uniformity of the con-
fidence. First, we describe the flocking control algorithm [45],
[46] for mobile sensors to move together.

We consider n mobile sensor nodes moving in a 2-D
Euclidean space. The dynamic equations of each sensor node
are described as

{
q̇i = pi

ṗi = ui, i = 1, 2, . . . , n
(15)

here qi and pi ∈ R2 are the position and velocity of sen-
sor node i, respectively, and ui is the control input of sensor
node i.

The geometry of the MSN is modeled by an α-lattice [45]
that meets the following condition:

‖qj − qi‖ = d, j ∈ Ni(t) (16)

here d is a positive constant indicating the distance between
sensor node i and its neighbor j. However, at singular con-
figuration (qi = qj) the collective potential used to construct
the geometry of flocks is not differentiable. Therefore, the set
of algebraic constraints in (16) is rewritten in term of σ -
norm [45] as follows:

‖qj − qi‖σ = dα, j ∈ Ni(t) (17)

here the constraint dα = ‖d‖σ with d = r/kc, where kc is
the scaling factor. The σ -norm, ‖.‖σ , of a vector is a map
Rm =⇒ R+ defined as ‖z‖σ = 1

ε
[
√

1 + ε‖z‖2 − 1] with
ε > 0. Unlike the Euclidean norm ‖z‖, which is not differ-
entiable at z = 0, the σ - norm ‖z‖σ , is differentiable every
where.

The flocking control algorithm which consists of the for-
mation control term and the leader tracking control term is
represented as

ui = f α
i + f t

i . (18)

The formation controller [45] is used to control the network
to form a quasi-lattice formation, and it is designed based on
a pairwise attractive/repulsive force

f α
i = cα

1

∑

j∈Ni

φα(‖qj − qi‖σ )nij + cα
2

∑

j∈Ni

aij(q)(pj − pi) (19)

where cα
1 and cα

2 are positive constants, φα(z) is the action
function, nij is the vector along the line connecting qi to qj,
and [aij(q)] is the the adjacency matrix. For more detail of
these terms, please refer to [45].

The leader tracking controller is used to control each mobile
sensor to track the virtual leader. The trajectory of the virtual
leader is planned so that the MSN can cover the entire scalar
field. This controller is presented as

f t
i = −ct

1(qi − qt) − ct
2(pi − pt) (20)

here ct
1 and ct

2 are positive constant, and qt and pt are position
and velocity of the virtual leader, respectively.

A. Design of Attractive Force

In this subsection, we introduce the attractive force term to
the flocking controller (18) to increase the confidence level of
estimates over the lower bound. The attractive force will steer
the mobile sensors to the cells which have low confidence. In
order to do this, first let qk

c be the location of the cell that
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Fig. 4. Creating virtual attractive forces in the cells which have confidence
level lower than the lower bound.

Algorithm 1: Design of Attractive Force

if OL
i (t) �= ∅ or �k

W(t) > 0 then

f att
i = −

∑

k∈OL
i (t)

Catt
k φatt(‖qk

c − qi‖σ )natt
i,k

Catt
k = ca

�k
W (t)√

1+(�k
W (t))2

,�k
W(t) ∈ �L

W(t), here ca is a

positive constant.
else

f att
i = 0 (22)

end

has confidence lower than the lower bound, or k ∈ OL
i (t),

here OL
i (t) is the subset of cells covered by mobile sensor i

at time t, which have confidence lower than the lower bound.
OL

i (t) ⊂ Oc
i (t), here Oc

i (t) is the set of cells covered by mobile
sensor i at time t, and it is defined as

Oc
i (t) =

{
k ∈ ϑO:‖qk

c − qi‖ ≤ rs
i , ϑO = {1, 2, . . . , k}

}
. (21)

For these cells we will create the virtual attractive force to
attract the mobile sensor to move closer to them in oder to get
higher confidence of the estimates at these cells. This idea is
illustrated in Fig. 4.

At each time t, the mobile sensor i may have several cells
which have confidence lower than the desired one. In order to
steer the mobile sensor to go to these low confidence cells, the
virtual attractive forces are generated at these cells. If the cell
has lower confidence a bigger attractive force is generated.

Let W
L
d be the lower bound of the desired confidence of

the estimates of all cells in the scalar field. W
L
d is a vector

of 1 × C dimension. Let �L
W(t) = W

L
d − W(t) be the differ-

ence between the current confidence and the lower bound (see
Fig. 5), �L

W(t) = [�1
W(t),�2

W(t), . . . ,�C
W(t)]. Based on this

feedback, �L
W(t), we can design an attractive force as shown

in Algorithm 1.
In Algorithm 1,

Catt
k = ca

�k
W(t)

√
1 + (�k

W(t))2

controls the magnitude of the attractive force. Namely, if cell
k has low confidence or �k

W(t) is large, the the magnitude of
the attractive force is big in order to attract the mobile sensor
to get closer this cell.

Fig. 5. Illustration of confidence feedback for quasi uniformity of the confi-
dence. The upper bound and lower bound are used to create a quasi uniform
of the confidence. The confidences of the estimates are obtained using the
cooperative flocking controller in our previous work [17].

The attractive force function φatt(‖qk
c −qi‖σ ) is designed as

φatt(‖qk
c − qi‖σ ) = ρh

(‖qk
c − qi‖σ

rs
α

) ‖qk
c − qi‖σ√

1 + ‖qk
c − qi‖2

σ

k ∈ OL
i (t)

here, rs
α = ‖rs‖σ (rs is the sensing range as defined before),

and similar to [45] the bump function ρh(
‖qk

c−qi‖σ

rs
α

) with h ∈
(0, 1) is defined as

ρh

(‖qk
c − qi‖σ

rs
α

)
=

⎧
⎪⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎪⎩

1, if ‖qk
c−qi‖σ

rs
α

∈ [0, h)

0.5

[

1 + cos

(

π

( ‖qk
c−qi‖σ

rs
α

−h

1−h

))]

if ‖qk
c−qi‖σ

rs
α

∈ [h, 1]

0, otherwise.

(23)

The vector along the line connecting qk
c (k ∈ OL

i (t)) and qi is
defined as

natt
ik = (qk

c − qi)/

√
1 + ε‖qk

c − qi‖2, k ∈ OL
i (t) (24)

here, ε is a small positive constant.
The control algorithm for the cooperative and active sensing

including the attractive force term only is presented as

ui = f att
i + f α

i + f t
i

=
∑

k∈OL
i (t)

Catt
k φatt(‖qk

c − qi‖σ )natt
i,k

+ cα
1

∑

j∈Ni(t)

φα(‖qj − qi‖σ )nij

+ cα
2

∑

j∈Ni(t)

aij(q)(pj − pi)

− ct
1(qi − qt) − ct

2(pi − pt) (25)
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Fig. 6. Creating virtual repulsive forces in the cells which have confidence
level higher than the upper bound.

Algorithm 2: Design of Repulsive Force

if OH
i (t) �= ∅ or �k

W(t) < 0 then

f rep
i =

∑

k∈OH
i (t)

Crep
k φrep(‖qk

c − qi‖σ )nrep
i,k

Crep
k = cr

|�k
W (t)|√

1+(�k
W (t))2

,�k
W(t) ∈ �H

W(t), here cr is a

positive constance.
else

f rep
i = 0 (26)

end

B. Quasi Uniformity of Confidence

Based on the attractive force design in the previous sub-
section, the confidence level can be increased. However, some
cells may have very high confidence, which will cause unnec-
essarily measurements and energy consumption. Therefore, it
is desirable if we can maintain both lower and upper bounds
of the confidence performance, or we call a quasi-uniform
confidence (see Fig. 5). Hence, we introduce a repulsive force
term to the flocking controller (18) in order to steer the mobile
sensors to move away from the cells which have high con-
fidence. The main idea of this design is to create a virtual
attractive force at the cells that have lower confidence than
the lower bound, and a repulsive force at the cells that have
higher confidence than the upper bound (see Fig. 5).

Let qk
c be the location of the cell that has confidence higher

than the upper bound (see Fig. 5). For these cells we will create
the virtual repulsive force to steer the mobile sensors to move
away. This idea is illustrated in Fig. 6. The repulsive force is
created based on the f rep

i controller as shown in Algorithm 2.
Let W

H
d be the upper bound of the desired confidence, and

W
H
d is a vector of 1×C dimension. Let �H

W(t) = W
H
d −W(t) be

the difference between the current confidence and the upper
bound, �H

W(t) = [�1
W(t),�2

W(t), . . . ,�C
W(t)]. Based on this

feedback, �H
W(t), we can design a repulsive force as shown in

Algorithm 2.
In this algorithm, OH

i (t) is the subset of cells covered by
mobile sensor i at time t, which have confidence higher than
the upper bound. Obviously, OH

i (t) ⊂ Oc
i (t). Crep

k is used to
control the magnitude of the repulsive force. Namely, if cell k
has high confidence, or �k

W(t) is large, the magnitude of the

repulsive force is big in order to push the mobile sensor to
move away from this cell.

The repulsive force function φrep(‖qk
c − qi‖σ ) is designed

as

φrep(‖qk
c − qi‖σ ) = ρh

(‖qk
c − qi‖σ

rs
α

)

×
(

‖qk
c − qi‖σ − rs

α√
1 + (‖qk

c − qi‖σ − rs
α)2

− 1

)

k ∈ OH
i (t).

The bump function ρh(
‖qk

c−qi‖σ

rs
α

) is defined as (23), but it

is now applied for the high confidence cells or k ∈ OH
i (t).

The vector along the line connecting qk
c (k ∈ OH

i (t)) and qi is
defined as

nrep
ik = (qk

c − qi)/

√
1 + ε‖qk

c − qi‖2, k ∈ OH
i (t). (27)

The whole control algorithm for the cooperative and active
sensing including both attractive and repulsive force terms is
presented as follows:

ui = f rep
i + f att

i + f α
i + f t

i

=
∑

k∈OH
i (t)

Crep
k φrep(‖qk

c − qi‖σ )nrep
i,k

+
∑

k∈OL
i (t)

Catt
k φatt(‖qk

c − qi‖σ )natt
i,k

+ cα
1

∑

j∈Ni(t)

φα(‖qj − qi‖σ )nij

+ cα
2

∑

j∈Ni(t)

aij(q)(pj − pi)

− ct
1(qi − qt) − ct

2(pi − pt). (28)

V. SIMULATION RESULTS

In this section, we test the cooperative and active sensing
algorithm and compare it with the normal cooperative sensing
algorithm [17], [18] in terms of sensing performance.

A. Scalar Field Mapping with Cooperative and Active
Sensing Algorithm

We model the environment (scalar field F) as multiple
variate Gaussian distributions. The scalar vector � can be
arbitrarily selected, for example � = [20 50 35 40], cor-
responding to four multiple variate Gaussian distributions
(K = 4), φ1, φ2, φ3, φ4, and each one is represented as

φ1 = 1
√

det(C1)(2π)2
e− 1

2 (x−2)C−1
1 (y−2)T

here C1 =
[

2.25 0.2999
0.2999 2.25

]
, with the correlation factor

c0
1 = 0.1333.

For the functions φ2, φ3, φ4: the means (μx, μy) are (1, 0.5),
(4.3, 3.5), (3, -3), respectively; the matrix C2 = C3 = C4 =[

1.25 0.1666
0.1666 1.25

]
; the correlation factor c0

4 = c0
3 = c0

2 = c0
1.

We set the lower bound of the confidence level to be 0.5×105,
and the higher bound of the confidence level to be 1.9 × 105.
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Fig. 7. Snapshots of building the map of the scalar field F using the active
Potential Controller (28).

1) Parameters of the cooperative and active control algo-
rithm (28): Number of sensors = 7; the communication range
r = kc ∗ d with d = 1.38 and kc = 1.2; ε = 0.1 for the
σ -norm; h = 0.2 for the bump functions which are used to
compute functions φatt(z) and φrep(z). To compute f α

i , param-
eters cα

1 = 141 and cα
2 = 2 ∗√cα

1 . The sensing range for each
sensor node rs

i = r − 0.6. Other parameters: ca = 10 and
ca = 190.

2) Parameters for coverage path planning: To compute f t
i ,

parameters ct
1 = 25 and ct

2 = 2 ∗
√

ct
1. The virtual leader

is planned to move in the predefined trajectory so that MSN
can follow and cover the entire field. Namely, the step size
�t = 0.008, and qt = [−4,−6 + t]T with 0 ≤ t ≤ 10.5;
qt = [−14.5 + t, 4.5]T with 10.5 ≤ t < 12.5; qt = [−2,

17 − t]T with 12.5 ≤ t < 21; qt = [−23 + t, −4]T with
21 ≤ t < 23; qt = [0, −27 + t]T with 23 ≤ t < 31.5;
qt = [−31.5 + t, 4.5]T with 31.5 ≤ t < 33.5; qt = [2, 38−t]T

with 33.5 ≤ t < 42; qt = [−40 + t, −4]T with 42 ≤ t < 44.5;
and qt = [4.5, −48 + t]T with 44.5 ≤ t ≤ 54.5.

The snapshots of multiple sensor nodes forming a flock and
building the map of the unknown scalar field are shown in
Fig. 7. Fig. 8(a) shows the confidence of the estimates over
cells, and (b) shows the map error corresponding to the index
of the cell. We can see that the higher confidence corresponds
to the smaller errors, and the lower confidence may lead to
bigger errors. More specifically, at the 10th, 92th, and 100th
cells, the confidences are the smallest, therefore at these cells
the errors between the original map and the built map are the
biggest.

The whole program is written in MATLAB and run on a
Sony Vaio laptop which has a Core i3 Chip and 4GB RAM.
The total running time for the MSN to build the entire scalar
field map is 5 min and 590 s.

Fig. 8. (a) Confidence over cells. (b) Error between the original map and
the built map in one dimension over cells.

B. Different Initial Deployment Evaluation

To further evaluate the proposed cooperative and active
sensing algorithm, different testing scenarios with different
initial locations of sensor nodes and different path plannings
of the MSN are performed. The results are shown in Fig. 9.
In Case 1 and 2 [Fig. 9(a) and (b)], different initial sensor
locations are compared. In Case 3 [Fig. 9(c)], different cov-
erage path planning of the MSN is compared. The results of
these comparisons are shown in Fig. 9(d)–(f). We can see that
the results of the map estimation confidence performance, the
number of measurements over cells, and the map error in these
three testing cases are similar. This tells that even with differ-
ent deployment of location and path planning coverage of the
MSN, the map estimation performance is similar.

C. Algorithm Comparisons

In this subsection, we compare the cooperative and active
sensing algorithm in both cases: the Potential Controller with
attractive force only (25); and the Potential Controller with
both attractive and repulsive forces (28). Then we compare
it with the normal cooperative sensing algorithm in [17] and
[18].

The confidence maps in 2-D created by Potential Controllers
are shown in Fig. 10. This 2-D confidence map shows the
confidence of the estimate at each cell corresponding to its
location in the scalar field. We can see that the Potential
Controller using both attractive and repulsive forces performs
better than that of using only the attractive force since the
confidence level is increased, and the quasi uniformity of the
confidence performance is achieved.

The final confidence of the estimate in one dimension
at each cell of the field F is shown in Fig. 11. In this
figure we compared three methods. Namely, Fig. 11(a)
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Fig. 9. (a)–(c) Different testing scenarios with different initial locations of sensor nodes and different path plannings of the MSN are compared. (d) Confidence
performance comparison for Cases 1, 2, 3. (e) Number of Measurement comparison for Cases 1, 2, 3. (f) Map error comparison for Cases 1, 2, 3.

Fig. 10. Confidence over the cells in 2-D. (a) For active sensing with Potential
Controller using attractive force only (25). (b) For active sensing with Potential
Controller using both attractive and repulsive forces (28).

shows the confidence of the Potential Controller without
attractive and repulsive forces. Fig. 11(b) shows the confi-
dence of the Potential Controller with attractive force only.
Fig. 11(c) shows the confidence of the Potential Controller
with both attractive and repulsive forces. From these results,
we can see that by using both attractive and repulsive
force controllers we have better uniformity of the confidence
performance.

To show the advantages of the active sensing we compare
it with the normal sensing [17], [18] in term of mapping error
as shown in Fig. 12. We can see that the error between the
original map and the built map over cells is smaller when
applying the active sensing, compared to that when applying
the normal sensing.

To see the effectiveness of the quasi uniformity of the con-
fidence, we collect the total number of measurements at each

cell in both cases of the active sensing algorithm as shown
in Fig. 13. We can see that for the active sensing algorithm
using attractive force only, some cells have very high number
of measurements. For the active sensing algorithm using both
attractive and repulsive forces, the number of measurements
at these cells are reduced while the sensing performance (map
error) is maintained.

VI. CONCLUSION

This paper presented a cooperative and active sensing frame-
work for mobile sensor networks to build the map of an
unknown scalar field. Based on the proposed cooperative and
active sensing controller, the mobile sensors can form a quasi-
lattice network and automatically adjust their movement to
achieve quasi-uniform confidence through a potential field
based feedback control algorithm. The sensor fusion algorithm
constructed by both spatial and temporal update phases allows
the mobile sensors to collect and fuse the noisy measurements
distributedly and simultaneously. The proposed cooperative
and active sensing framework overperforms the normal coop-
erative sensing in term of sensing performance. Simulation
results are collected to demonstrate the proposed algorithms.

In the future, we plan to implement our proposed algorithm
on real mobile sensor networks. Additionally, we would like
to investigate how to change other sensor configurations of
the mobile sensor networks. For example, we can change the
orientation and focal length of cameras, if they are used as the
mobile sensors.
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Fig. 11. Confidence over the cells in one dimension. (a) For normal cooperative sensing with the flocking controller (18). (b) For active sensing with Potential
Controller using only attractive force (25). (c) For active sensing with Potential Controller using both attractive and repulsive forces (28).

Fig. 12. Error between the original map and the built map in one dimension
over cells. (a) For the normal sensing with the flocking controller (18). (b) For
the active sensing (28).

Fig. 13. Total number of measurements at each cell. (a) For Potential
Controller with attractive force only (25). (b) For Potential Controller with
both attractive and repulsive force (28).

APPENDIX

In this Appendix, we analyze the convergence of the
Consensus Filter 1.

First, let us define the weight matrix for the whole network
as

wk =

⎡

⎢⎢⎢⎢⎢⎢
⎣

wk
11 wk

12 ... wk
1n

wk
21 wk

22 ... wk
2n

. . ... .

. . ... .

. . ... .

wk
n1 wk

n2 ... wk
nn

⎤

⎥⎥⎥⎥⎥⎥
⎦

n×n

. (29)

Based on our weight design in (7), the matrix wk has the
following properties.

(P1) wk
ij = 0 if j /∈ Ni.

(P2) All elements, wk
ij, i = 1, . . . , n and j ∈ Ni, of the

matrix wk satisfy 0 < wk
ij < 1.

(P3) Sum of all elements in each row of the matrix wk equals
to 1.

With the definition of the weight matrix wk, we can expand
(6) to n mobile sensors into space representation as follows:

xk(l + 1) = wkxk(l) (30)

or we have

xk(l + 1) − xk(l) = [wk − I]xk(l) (31)

here I is the identity matrix.
Let �xk = xk(l + 1) − xk(l), from (31) we have

�xk = [wk − I]xk(l). (32)

We can rewrite (32) into a continuous fashion

ẋk = Akxk (33)

here Ak = wk − I.
Theorem 1: Given any connected network, and by applying

the Consensus Filter 1 as defined in (6) associated with the
weight design as defined in (7), the system (33) is stable, or
�xk converges to zero.

Proof: The system (33) is a linear time-invariant system or
autonomous system. Therefore, to show this system is stable
we need to show that matrix Ak is Hurwitz, or all of the roots
of the characteristic equation have negative real parts [47].

Given a matrix B = [bij]n×n of the autonomous system
ẋ = Bx we have the following theorem.

Theorem 2 (Liao et al. [48]): If the following conditions:
(C1) bii < 0 (i = 1, 2, . . . , n) and det(B) �= 0; and (C2)
there exist constants ci > 0 (i = 1, 2, . . . , n) such that cjbjj +∑n

i=1,i �=j |ci||bij| < 0, (j = 1, 2, . . . , n) are satisfied, then B is
a Hurwitz matrix.

First let us write matrix Ak in details as

Ak = [aij] =

⎡

⎢⎢⎢⎢⎢⎢
⎣

wk
11 − 1 wk

12 ... wk
1n

wk
21 wk

22 − 1 ... wk
2n

. . ... .

. . ... .

. . ... .

wk
n1 wk

n2 ... wk
nn − 1

⎤

⎥⎥⎥⎥⎥⎥
⎦

n×n

. (34)
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Based on Theorem 2 we can check our matrix Ak. We
clearly see that the condition C1 is easily satisfied because
all diagonal elements wk

ii of the matrix wk satisfy 0 < wk
ii < 1

(see property P2 of the matrix wk). Therefore, all diagonal
elements of the matrix Ak satisfy aii = wk

ii − 1 < 0.
For the condition C2, since the sum of all elements in each

row of the matrix wk equals to one (see property P3 of the
matrix wk), we can easily find the constants ci to let cjajj +
∑n

i=1,i �=j |ci||aij| < 0. Therefore, we can conclude that Ak is
a Hurwitz matrix, or the proposed system (33) is stable.

As one example we can show that Ak is a Hurwitz matrix
by checking the roots of the characteristic equation (35) in the
case of 2 × 2 dimension of the matrix (λ + 1)I − wk.

We have the following characteristic equation for the system
(33) as:

det(λI − A) = det(λI − wk + I) = det(H) = 0 (35)

here H = (λ + 1)I − wk, or we have

H =

⎡

⎢⎢⎢⎢⎢⎢
⎣

λ + 1 − wk
11, −wk

12 ... −wk
1n−wk

21, λ + 1 − wk
22 ... −wk

2n
. . ... .

. . ... .

. . ... .

−wk
n1, −wk

n2 ... λ + 1 − wk
nn

⎤

⎥⎥⎥⎥⎥⎥
⎦

. (36)

For the case of 2 × 2 dimension of the matrix H we have

det(H) = λ2 + λ(2 − wk
11 − wk

22) + 1 − wk
11

−wk
22 + wk

11wk
22 − wk

21wk
12

= 0. (37)

From the the property P3 of the matrix wk we have wk
12 =

1 − wk
11 and wk

21 = 1 − wk
22. Plug these wk

12 and wk
21 into (37)

we obtain

det(H) = λ[λ + (2 − wk
11 − wk

22)] = 0. (38)

Equation (38) has two roots λ1 = 0, and λ2 = −2 + wk
11 +

wk
22 < 0 since 0 < wk

11 < 1 and 0 < wk
22 < 1. This completes

the proof for Theorem 1.
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