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Formation Control and Obstacle Avoidance of
Multiple Rectangular Agents with Limited

Communication Ranges
Thang Nguyen, Hung Manh La, Tuan Dzung Le and Mohammad Jafari

Abstract—Formation control of multiple agents has attracted
many robotic and control researchers recently because of its po-
tential applications in various fields. This paper presents a novel
approach to the formation control and obstacle avoidance of
multiple rectangular agents with limited communication ranges.
The distributed control algorithm is designed by utilizing an ar-
tificial potential function. The convergence and stability analysis
of the proposed control algorithm is given. The proposed control
algorithm can guarantee fast formation performance and no
collision among agents. Also, by proposing a potential repulsive
function and utilizing it as an obstacle avoidance function,
rectangular agents can perfectly avoid obstacles with different
shapes and sizes. As a result, the rectangular agents can move
together and quickly form a pre-defined shape of formation
such as straight line, circle and lattice, etc., while avoiding the
obstacles. Simulation results are conducted to demonstrate the
effectiveness of the proposed algorithm.

Index Terms—Rectangular agents, Multi-agent systems, For-
mation control, Network control.

I. INTRODUCTION

A. Motivation

Formation control of multi-agent [1], [2] has gained signif-
icant interest because of its potential applications in various
fields such as target tracking [3]–[7], environmental mon-
itoring [8]–[10], scalar field mapping [11]–[14], intelligent
transportation systems [15], etc. The multi-agent networks
are combined from sensors, control algorithms and other
dynamic factors which depend on specific purpose or ap-
plication scenarios [1], [4], [14].

There are both centralized and decentralized approaches to
the multi-agent formation control. The centralized approach
[16] relies on a single controller to generate a free colli-
sion avoidance strategy for agents, while the decentralized
approach [17]–[19] tried to seek an independent controller to
allow each agent to work collaboratively with its neighbors
to form a network and avoid collision.
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Fig. 1. Illustration of redundant areas of the circular agent when fitting with
rectangular agent.

Both centralized and decentralized approaches for multi-
agent formation control mainly model agents as circular or
elliptical shapes [17], [18], [20]–[27]. However, in practice,
many agents have long and narrow shape (Fig. 1) such
as rectangular shape like cars or ships, and the existing
formation control algorithms for circular or elliptical agents
may not be suitable [10], [17], [18], [21], [26], [28]–[31]. In
this paper we propose a distributed control algorithm which
can be applied to the problem of formation control for all
different sizes of rectangular agents, for example autonomous
vehicle control in intelligent transportation systems (see Fig.
2).

Unlike the existing work which model agents as single
particle/point or elliptical shapes, we consider an agent as
a rectangular shape where all four vertices associated with
width and length of the rectangle are taken into account of
the formation control design. This rectangular model helps
remove redundant areas as illustrated in Figure 1. Circular
approximation for long rectangular shapes could result a
wrong collision avoidance among agents in the case where
the agents have to travel through a narrow environment. For
example, autonomous cars have to travel in traffic lanes in the
city in rush hours (see Fig. 2). The rectangular agent model
can be beneficially applied to formation control of multiple
autonomous cars in the future of intelligent transportation
systems.
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TABLE I
SUMMARY OF RELATED WORK IN MULTI-AGENT FORMATION CONTROL.

Circular Agent Formation (CAF) Elliptical Agent Formation (EAF) Rectangular Agent Formation (RAF)
Both centralized and decentralized formation Formation control for multiple elliptical Our paper present a new approach to RAF control

control for multiple circular agents in agents is investigated [18], [26] with limited communication range. Four vertices
complex environments have been developed to address limitations of circular associated with width and length of the agent are

[16], [17], [20], [24]. agent modeling and control taken into account of the formation control design.
CAF control is mainly designed for circular/disk EAF is mainly developed for multiple This approach utilizes the potential field

agents. The control algorithm can handle both agents which are modeled as elliptical to design the distributed formation control
noisy-free and noisy environments shapes. Hence it is not appropriate to be algorithm. The proposed control algorithm
However, the agent is modeled as applied in formation control of rectangular allows multiple rectangular agents to move

circular shape. Hence it is not suitable for agents because the collision together without collision. The proposed
rectangular agents since the collision may exist will happen (see Fig. 1). algorithm allows the agents to form different
among agents due to redundant areas (Fig. 1). shapes such as straight line, lattice and circle.

Fig. 2. Illustration of transportation systems with rectangular agents/cars
and their circular fit.

Moreover, considering the environment as a free space
might not be very practical. The real environment usually
contains different types and sizes of obstacles. We proposed
an algorithm which could conform the formation while avoid-
ing the different obstacles. For example, it is necessary for
autonomous cars to avoid any possible obstacles especially
pedestrians while traveling in a city.

B. Literature Review

Multi-agent distributed control systems have gained in-
creasing interest recently [9], [32]–[35]. Problems of area
coverage using multi-agent systems have drawn many in-
teresting studies. Many attentions had been paid to mobile
sensing networks due to their flexibility and easy-to-apply
to real life applications [36]. In [8]–[10], mobile sensor
networks have been deployed for measuring and modeling in-
terested environmental areas. Even though the main purpose
of those two studies was to estimate interested areas, without
incorporating mobile sensor network for data collection, it
would have been extremely hard to have proper estimations.
To address the problem of how one should distribute a
mobile sensor network into an area, in [34], a statistical
approach with Gaussian process has been derived to address
the optimization problem of sensor distribution.

Obviously, having a good multi-agent system in the
essence of sensing and communications capabilities does not
guarantee good area coverages due to dynamic environmental

changes. Cooperative control among agents therefore is es-
sential. Olfati-Saber in [17] provided a general framework for
flocking control based on potential field approach. Addition-
ally, many other studies have contributed to this area in which
new potential approaches for avoiding local minima problem
have been reported in [37], [38]. In [14], a cooperative
motion control was combined with consensus filtering to
build a map of the scalar field. The popular Kalman filter
was incorporated in control strategies due to its efficiency
[39]. In [40], a Kalman filter approach has been applied to
further improve the cooperative control performance; both
cooperative motion control and cooperative sensing were
integrated to control the shape of the sensor node formation in
order to minimize the estimation errors. In [41], an overview
about recent studies on cooperative control for multi-agent
systems was provided, in which five categories of coopera-
tive control were defined: consensus, distributed formation,
distributed optimization and distributed estimation. In those
categories, distributed formation control has been the most
attractive topic. For a multi-agent system, formation control
is considered as a “general” problem since for its solution,
we have to address cooperative control methods and after
achieving a formation control technique, we can apply it to
area coverage problems. Additional extension to formation
control for circular agents in noisy environment has been
reported in [22], [23], [25]. To the best of the author’s
knowledge, previous studies on aforementioned problems
typically considered agents with circular or disk-shapes [20],
[24]. The reason for that is it simplifies complex algorithms
such as obstacle and/or collision avoidances by not taking
into account any real physical shape of an agent in a real
application. In [18], [26] the author took a different approach
by considering agents with a rectangular shape. However,
the author did not fully examine the rectangular shape but
instead, fitting those rectangular shaped agents into elliptical
disks to reduce the conservative area in comparison with that
area by fitting agents into a circular disk.

The main contribution of this paper is to provide a theo-
retical and computational framework for design and analysis
of a distributed formation control algorithm for multiple
rectangular agents in presence or lack of obstacles. A new
approach to the rectangular agent model is proposed with a
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consideration of all four corners/vertices of the agent to avoid
redundant areas. This rectangular shape modeling approach
can be extended to other shapes with more than 4 vertices.
The proposed distributed formation control algorithm can
allow rectangular agents to form different formation shapes
such as line, lattice or circular shape, respectively. An arti-
ficial potential field based approach is utilized in designing
the formation control law to enable agents to avoid collision
with each other and obstacles. The convergence analysis for
the proposed work is given.

The rest of the paper is organized as follows. The next
section presents multi-rectangular agent and obstacle models
and the associated distance definitions. Section III presents
the problem statement of formation control for multiple
rectangular agents. Section IV presents our proposed control
algorithm for multiple rectangular agents. The simulation
results are presented in Section V. The conclusion of the
paper is given in Section VI.

II. PRELIMINARIES

A. Multi-Rectangular Agent Model

Consider two rectangles i and j, where (xi, yi) denotes
the position of the center Oi and φi is the heading angle
of rectangle i as shown in Figure 3. The length and width
of rectangle i are bi and ai, respectively (see Fig. 1).
Furthermore, OiXiYi denotes a coordinate frame associated
with agent i. (xiA, y

i
A) is the coordinate of point A in the

frame OiXiYi. The notation for rectangle j is similar. For
brevity, c and s stand for cos and sin, respectively.

The coordinates of four vertices of rectangle i are

(xAi1
, yAi1

) = (xi+
bi
2
cφi−

ai
2
sφi, yi+

bi
2
sφi+

ai
2
cφi) (1)

(xAi2
, yAi2

) = (xi+
bi
2
cφi+

ai
2
sφi, yi+

bi
2
sφi−

ai
2
cφi) (2)

(xAi3 , yAi3) = (xi−
bi
2
cφi+

ai
2
sφi, yi−

bi
2
sφi−

ai
2
cφi) (3)

(xAi4
, yAi4

) = (xi−
bi
2
cφi−

ai
2
sφi, yi−

bi
2
sφi+

ai
2
cφi) (4)

Let φji = φj −φi , xji = xj −xi, and yji = yj − yi. The
distance dij between the two rectangles i and j is defined by
the smallest distance from one vertex of one rectangle to the
other rectangle. So, in the following, the distance from one
vertex to one agent is derived.

Denote

pi =

[
xi
yi

]
, (5)

pij = pi − pj . (6)

Similarly,

pAik
=

[
xAik

yAik

]
(7)
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Fig. 3. Two rectangular agents and obstacle with their coordinates in the
frame OXY .

for k = 1, ..., 4. The coordinate of a vertex Ajk in the frame
OiXiYi for k = 1, ..., 4 is

piAjk
= R(φi)(pAjk

− pi) (8)

where

R(.) =

[
c(.) s(.)
−s(.) c(.)

]
, (9)

and

piAjk
=

[
xiAjk

yiAjk

]
. (10)

Let

fxi(pAjk
) =

{
|xiAjk

| − bi
2 if |xiAjk

| > bi
2

0 otherwise,
(11)

and

fyi(pAjk
) =

{
|yiAjk

| − ai
2 if |yiAjk

| > ai
2

0 otherwise.
(12)

The distance from Ajk to rectangle i is given as

ξi(pAjk
) =

√
fxi(pAjk

)2 + fyi(pAjk
)2. (13)

Hence, the distance between two rectangular agents i and j
is defined as

dij = min(min
k

(ξi(pAjk
)),min

k
(ξj(pAik

))) for k = 1, ..., 4.

(14)
It can be seen that dij is a nonsmooth function of pij , φij ,
and φi. The distance function dij possesses the following
property.
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Lemma 1: dij(pij , φij , φi) is invariant with respect to a
change of coordinates. In other words,

dij(pij , φij , φi) = dij(p̄ij , φ̄ij , φ̄i) (15)

where a change of coordinates is given by

p̄i = R(φd)(pi − pd)
φ̄i = φi − φd, (16)

where pd is the new origin and φd is the angle difference
between the new and old coordinate frames, R(.) is given in
(9).
Proof: It is straightforward to verify (15) in the calculation
of (14).

B. Obstacle models

An obstacle can be modeled as a rectangle or circle. The
distance d̂ij from a rectangular agent to a rectangular obstacle
can be defined as that between two agents as in (14).

The distance from agent i to circular obstacle Oobsj with
radius Robsj is given as

d̂ij = ξi(Oobsj)−Robsj (17)

where ξ(.) is given in (13). Note that d̂ij in (17) is a function
of pij and φi.

III. PROBLEM STATEMENT

In this section, we present the dynamics of each agent,
followed by the statement of the control objective.

A. Agent dynamics

For the sake of simplicity, we assume that each agent has
the following dynamics:

q̇i = ui, (18)

for all i ∈ N , where N is the set of all agents in the group.
Denote ui = [uxi, uyi, uφi]

T as the control input and qi =
[xi, yi, φi]

T as the position and orientation of agent i.
Remark 1: For agents with more complicated dynamics, for

instance nonholonomic dynamics, backstepping techniques
[42] can be employed to combine with collision/obstacle
avoidance parts, which will be investigated in future work.

B. Formation control objective

We address a formation control problem for multiple rect-
angular agents, and the system model and control objective
are as follows.

1) System Model: Similar to [18], the following assuptions
about the system model are made.

(a) The formation trajectory of agent i is

qif (sif ) = [xif (sif ), yif (sif ), φif (sif )]T (19)

where sif is a parameter. The reference trajectory of agent i
for a formation is denoted as

qid(t) = [xid(t), yid(t), φid(t)]
T . (20)

The distance dijd between trajectories of agents i and j
satisfies the following condition:

dijd ≥ δijd, (21)

where δijd is a positive constant. Note that dijd is given as
in the previous section, in which qi and qj are substituted by
qid and qjd, respectively. Furthermore, ‖q̇id‖ is bounded, and
‖qid − qjd‖ is bounded for bounded ‖qid‖ and ‖qjd‖. Note
that qid(t) may not be continuous with respect to t.

(b) Agents i and j possess circular communication areas
whose centers are at Oi and Oj with radii Ri and Rj (see
Fig. 1). These radii satisfy the following condition:

min(R2
i , R

2
j ) ≥ δijR +

a2i + b2i
4

+
a2j + b2j

4
, (22)

where δijR is a positive constant for all (i, j) ∈ N and j 6= i.
(c) Agent i broadcasts qi and qid in its communication

area and receive qj and qjd broadcasting by other agents j,
j ∈ N , j 6= i in the group if the points Oj are within the
communication range of agent i.

(d) At the initial time t0 ≥ 0, all the agents are kept away
far enough from each other, i.e.

dij(t0) ≥ δij0, (23)

where δij0 is a positive constant, and dij(t0) is the distance
between two agents i and j, which is derived in the previous
section, evaluated at t = t0.

2) Control Objective: Based on the system model above,
for each agent i, design a control law ui such that qi tracks qid
while avoiding collisions with obstacles and all other agents
in the group. Similar to [18], ui is designed such that

lim
t→∞

(qi(t)− qid(t))(t) = 0, dij(t) ≥ δij (24)

for all (i, j) ∈ N , i 6= j, and t ≥ t0 ≥ 0, where δij is a
positive constant.

Remark 2: In order to avoid any possible collision with
obstacles, each agent should be capable of detecting obstacles
by its onboard sensors (e.g., laser range scanners or sonar
sensors). Once the agent has sensed the obstacles within its
sensing range, a repulsive force is applied to push it away
from them (see the obstacle avoidance function θ in the next
section.)
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IV. FORMATION CONTROL DESIGN

A. Potential function

A potential function is composed of a goal function γ,
a collision avoidance function β and an obstacle avoidance
function θ

ϕ = γ + β + θ. (25)

The goal function is designed as follows

γ =
N∑
i=1

γi (26)

where

γi =
k1
2

((xi − xid)2 + (yi − yid)2) +
k2
2

(φi − φid)2 (27)

with positive constants k1, k2.
Remark 3: We employ a similar approach as in [18].

However, our problem is more general in the sense that an
obstacle avoidance function is considered.

Similar to [18], p-times differentiable step functions are
employed to construct the collision avoidance and obstacle
avoidance functions, which play a key role in the control
design. A p-time differentiable step function h(x, a, b) posses
the following properties [18]:

1) h(x, a, b) = 0, for −∞ < x ≤ a.
2) h(x, a, b) = 1, for b ≤ x <∞.
3) 0 < h(x, a, b) < 1, for a < x < b.
4) h(x, a, b) is p-times differentiable.
The collision avoidance function is designed as

β =
N−1∑
i=1

N∑
j=i+1

βij (28)

where βij is a function of dij , and it is designed as

βij = kij
1− hij(∆ij , aij , bij)

∆ij
(29)

where kij is a positive parameter, ∆ij = d2ij and
hij(∆ij , aij , bij) is a p-times differentiable smooth step
function. A choice of hij can be taken as in [18], [43]. The
constant aij and bij are chosen such that

0 < aij < bij ≤ min(δijd, δijR)− µij = τijd, (30)

where δijd, δijR are given in (21) and (22), and µij is a
positive constant.

The obstacle avoidance function is designed as follows:

θ =
N∑
i=1

M∑
k=1

θik (31)

where M is number of obstacles, θik is a function of d̂ik,
which is the distance from agent i to obstacle k and it is
designed as

θik = k̂ik
1− ĥik(∆̂ik, âik, b̂ik)

∆̂ik

(32)

where k̂ik is a positive parameter, ∆̂ik = d̂2ik and
ĥik(∆̂ik, aik, bik) is a p-times differentiable smooth step
function. A choice of ĥik can be taken as in [18]. The
constant âik and b̂ik are chosen such that

0 < âik < b̂ik ≤ τ2iko, (33)

where

τiko = νi −
√
a2i + b2i

2
− µik > 0, (34)

with νi being the sensing range of agent i and µik being a
positive constant.

Remark 4: From the definition of βij and the properties
of the step function hij(∆ij , aij , bij), we observe that when
δij ≥

√
bij , βij = 0. When the distance between agents

i and j is close enough, i.e. δij <
√
bij , βij > 0. This

means the collision avoidance between agents i and j is
active. Similarly, θik = 0, when δ̂ik ≥

√
bik. When the

distance between agent i and obstacle k is close enough, i.e.
δ̂ik <

√
b̂ik, θik > 0. This implies the obstacle avoidance

for agent i is active.

B. Control design

Let us define pid = [xid, yid]
T , and pijd = pid − pjd for

all (i, j) ∈ N and j 6= i. Substituting (27), (28), and (31)
into (25), we obtain

ϕ =
k1
2

N∑
i=1

‖pi − pid‖2 +
k2
2

N∑
i=1

k2(φi − φid)2

+
N−1∑
i=1

N∑
j=i+1

βij +
N∑
i=1

M∑
k=1

θik. (35)

Differentiating both sides of (35), we obtain the following
differential inclusion

ϕ̇ ∈
N∑
i=1

[
k1(pi − pid) +Dβ

i +Dθ
i

]T
(ṗi − ṗid)

+
N∑
i=1

[
k2(φi − φid) + Eβi + Eθi

]
(φ̇i − φ̇id)

+(Dβ
i +Dθ

i )T ṗid + (Eβi + Eθi )φ̇id, (36)

where

Dβ
i = −

i−1∑
j=1

β′jiG
β
ji +

N∑
j=i+1

β′ijG
β
ij , (37)

Eβi = −
i−1∑
j=1

β′jiH
β
ji +

N∑
j=i+1

(β′ij(H
β
ij + Lβij)), (38)

Dθ
i =

M∑
k=1

θ′ikG
θ
ik, (39)

Eθi =

M∑
k=1

(θ′ik(Hθ
ik + Lθik)), (40)
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Gβij =
∂∆ij

∂pij
(R(φid)pij , φij , φi − φid), (41)

Hβ
ij =

∂∆ij

∂φij
(R(φid)pij , φij , φi − φid), (42)

Lβij =
∂∆ij

∂φi
(R(φid)pij , φij , φi − φid), (43)

Gθik =
∂∆̂ik

∂pik
(R(φid)pik, φik, φi − φid), (44)

Hθ
ik =

∂∆̂ik

∂φik
(R(φid)pik, φik, φi − φid), (45)

Lθik =
∂∆̂ik

∂φi
(R(φid)pik, φik, φi − φid), (46)

and

β′ij =
∂βij
∂∆ij

, θ′ik =
∂θik

∂∆̂ik

. (47)

Let

Ωpi = k1(pi − pid) +Dβ
i +Dθ

i ,

Ωφi = k2(φi − φid) + Eβi + Eθi . (48)

From (36), we choose a control law for agent i as follows[
uxi
uyi

]
= ρi(−c1Ωpi + ṗid),

uφi = ρi(−c2Ωφi + φ̇id), (49)

where c1 and c2 are positive constants, ρi is a parameter,
which is 0 or 1. The parameter ρi determines whether agent i
proceeds to carry out its objective or stand stills depending on
the collision avoidance algorithm. Assume agent i has higher
priority than agent j. When collision avoidance between
agents i and j is active, ρi = 1 and ρj = 0.

As explained in Remark 4, the collision avoidance between
agents i and j is active when δij <

√
bij . Similarly, the

obstacle avoidance between agent i and obstacle k is active
when δ̂ik <

√
b̂ik. When collision and/or obstacle avoidance

is active, i.e. βij 6= 0 and θik 6= 0, we can choose a reference
trajectory for agent i such that q̇id = [ṗTid, φ̇id]

T = 0.
When no collision and obstacle avoidance is active, δij ≥√
bij for all j, and δ̂ik ≥

√
b̂ik for all k. In this case, βij = 0

and θik = 0. Hence, from (37), (38), (39), and (40),

Dβ
i = Dθ

i = 0, (50)

Eβi = Eθi = 0. (51)

With the above strategy of choosing a reference trajectory
for agent i, it follows that

(Dβ
i +Dθ

i )T ṗid + (Eβi + Eθi )φ̇id = 0. (52)

We denote such a reference trajectory as qie, which will
be designed later. When no collision/obstacle avoidance is
active, qid = qif where qif is the formation reference of
agent i.

C. Stability Analysis

Remark 5: Note that dij and d̂ik are not smooth, so are
∆ij and ∆̂ij . Hence, (41), (42), (43), (44), (45), and (46) are
not continuous. Therefore, neither is the control law (49),
which makes the closed-loop system become a differential
inclusion. To study the behavior of the closed-loop system,
we need to employ the LaSalle’s invariance principle for
switched nonlinear systems [44].

The guarantee of collision avoidance among rectangular
agents and the convergence of formation performance are
presented in the following theorem.

Theorem 1: Under System Model III-B1, the closed-loop
system under the control input vector given in (49) for agent
i satisfies the following results:

1) There are no collisions between any agents and obsta-
cle avoidance is guaranteed. In addition, the closed-
loop system is forward complete.

2) The velocity of each agent satisfies

lim
t→∞

(ẋi − ẋid) = 0

lim
t→∞

(ẏi − ẏid) = 0 (53)

lim
t→∞

(φ̇i − φ̇id) = 0.

Proof: Under the control law (49), the closed-loop system
of (18) is given as[

ẋi
ẏi

]
∈ ρi(−c1Ωpi + ṗid),

φ̇i ∈ ρi(−c2Ωφi + φ̇id), (54)

and the derivative of ϕ̇ is given as

ϕ̇ ∈ −c1
N∑
i=1

ρiΩ
T
piΩpi − c2

N∑
i=1

ρiΩ
T
φiΩφi. (55)

Equation (55) shows that ϕ̇ ≤ 0. Hence, according to the
extended LaSalle’s Invariance Principle for switched nonlin-
ear systems [44], ϕ is bounded for t ≥ t0 ≥ 0 and the state
variables converge asymptotically to the set where ϕ̇ = 0.
Since ϕ is bounded, βij and θik are bounded. This implies
dij > 0 and d̂ij > 0. Hence, no collision takes place between
any two agents and obstacle avoidance is satisfied. Note that
during the evolution of agent i to avoid collision/obstacle
avoidance, dij(t) may not satisfy the control objective in
(24). Once all obstacle/collision avoidance is fullfilled, agent
i continues to track its reference trajectory qid. Furthermore,
the boundedness of ϕ for t ≥ t0 ≥ 0 implies the boundedness
of (pi − pid) and (φi − φid). In other words, or (qi − qid)
is bounded for t ≥ t0 ≥ 0. Hence, the closed-loop system is
forward complete.

From (55), we find the set where ϕ̇ = 0. Here, we consider
the following equation

c1

N∑
i=1

ρiΩ
T
piΩpi − c2

N∑
i=1

ρiΩ
T
φiΩφi = 0. (56)
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When ρi = 0, the collision avoidance is active for agent i.
Hence, qid = 0 as presented in the control design procedure
in Section IV-B. As a result,

ẋi = ẋid = 0, (57)
ẏi = ẏid = 0, (58)
φ̇i = φ̇id = 0. (59)

For agent i with ρi = 1, (56) implies that Ωpi = 0 and Ωφi =
0. Using these values in (54), we obtain the expressions as
in (53).

Remark 6: The reference trajectory qid is designed to help
agent i get through collision/obstacle avoidance scenarios.
After that, no collision/obstacle avoidance is active. Thus,
ρi = 1, Dβ

i = Dθ
i = 0, and Eβi = Eθi = 0. From (48) and

(49), [
uxi
uyi

]
= −c1k1

[
xi − xid
yi − yid

]
+ ṗid,

uφi = −c2k2(φi − φid) + φ̇id. (60)

Using (60) in the original dynamics of agent i in (18) yields

ẋi = −c1k1(xi − xid) + ẋid

ẏi = −c1k1(yi − yid) + ẏid

φ̇i = −c2k2(φi − φid) + φ̇id. (61)

This implies qi converges to qid as t→∞.

D. Reference trajectory design for collision/obstacle avoid-
ance

Assume qif is designed as the formation reference of agent
i. When obstacle/collision avoidance is active, a reference
trajectory qid is defined for agent i to pass possible obstacles.
During this phase, q̇id = 0. For each rectangular obstacle,
there are 4 escape references associated with 4 vertexes of
the obstacle.

Denote V iAjk
be an escape reference associated with Aj

of agent j for agent i. The coordinates of V iAjk
are given as

follows

pTV i
Aj1

= (xj + (
bj
2

+ αi)cφj − (
aj
2

+ αi)sφj , yj

+(
bj
2

+ αi)sφj + (
aj
2

+ αi)cφj) (62)

pTV i
Aj2

= (xj + (
bj
2

+ αi)cφj + (
aj
2

+ αi)sφj , yj

+(
bj
2

+ αi)sφj − (
aj
2

+ αi)cφj) (63)

pTV i
Aj3

= (xj − (
bj
2

+ αi)cφj + (
aj
2

+ αi)sφj , yj

−(
bj
2

+ αi)sφj − (
aj
2

+ αi)cφj) (64)

pTV i
Aj4

= (xj − (
bj
2

+ αi)cφj − (
aj
2

+ αi)sφj , yj

−(
bj
2

+ αi)sφj + (
aj
2

+ αi)cφj) (65)

where

αi =

√
b2i + a2i

2
+ ηi (66)

with ηi > 0 being a safety parameter. The heading angle
reference φid = φif (tij) where tij is the time when the
collision avoidance is activated.

Denote V iAobk
be an escape reference associated with Aobk

of obstacle k for agent i. Its coordinates are similar to the
above case.

When an obstacle is a circle, an escape reference can be
determined as follows. Let robj be the radius of obstacle Aobj
whose center lies at pAobj

. Let

pe = R(φobj)

[
xAobj

− xi
yAobj

− yi

]
(67)

where R(.) is given in (9),

φobj = −π
2

+ atan(
yif − yi
xif − xi

). (68)

and (xif , yif ) is the coordinate of the destination of agent i.
If pe(1) > 0,

pV i
Aobj

= RT (φobij)

[
pe(1)− rei
pe(2)

]
+

[
xi
yi

]
(69)

else
pV i

Aobj

= RT (φobij)

[
pe(1) + rei
pe(2)

]
+

[
xi
yi

]
(70)

where

rei = robj +

√
a2i + b2i

2
+ ηi. (71)

Denote σij as the orientation of agent i with respect
to agent j. This variable is employed to determine which
direction agent i should follow to avoid possible collisions
with other agents. Initially, σij = 0. If the agent i moves
counterclockwise, σij = 1. If it moves clockwise, σij = −1.
Let Iij be an engagement index of agent i and agent j when
collision avoidance is active. When Iij = 1, one agent with
less priority will stand still and act as an obstacle.

Similarly, denote σ̂ik as the orientation of agent i with
respect to obstacle k. If the agent i moves counterclockwise,
σ̂ik = 1. If it moves clockwise, σ̂ik = −1. Let Îik be an
engagement index of agent i and obstacle k when collision
avoidance is active.

Let d(Oi, Oj) be the distance between two objects i and
j. Let qif be the formation reference of agent i. Our purpose
is to design qid such that agent i avoid any possible collision
and eventually track its formation reference.

We have the algorithm of collision avoidance among agents
as summarized in Algorithm 1. The algorithm for obstacle
avoidance is similar to Algorithm 1 where a rectangular ob-
stacle plays the role of a rectangular agent. Circular obstacle
avoidance is carried out by using the escape reference in (69)
and (70).
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Algorithm 1 Collision Avoidance Algorithm
set σij = 0, Iij = 0 for i = 1, ..., N , and j = 2, ...N (i 6= j).

1: for each iteration t = tl do
2: for each agent i do
3: for each agent j (i 6= j) do
4: if d(Oi, Oj) < µij where µij ≥ bij is a safety

distance then
5: if Iij = 0 then record the time tij
6: end if
7: set Iij = 1
8: end if
9: end for

10: end for
11: Let te = max tij . Define a coordinate transfor-

mation pe = R(φe)(p − pi(te)) where φe = −π2 +

atan(
yif−yi(te)
xif−xi(te)

) with (xif , yif ) being the coordinate of
the formation reference of agent i.

12: Let P (i) ∈ N be a priority function of agent i, which
satisfies P (i) 6= P (j) if i 6= j.

13: for each agent j (i 6= j) do
14: if Iij = 1 then
15: if P (i) < P (j) then ρi = 0
16: else ρi = 1
17: end if
18: if σij = 0 then Λ = maxv x

e
Ajv

+ minxeAjv

19: if Λ ≥ 0 then set σij = −1
20: else set σij = 1
21: end if
22: end if
23: end if
24: end for
25: if σij 6= 0 then
26: if |qid − qi(tl)| < ε where ε is a small positive

number then set te = tl
27: end if
28: end if
29: for each agent j (i 6= j) do
30: if agent i has higher priority than agent j then
31: if d(OiOif , Oj) > µ̃ij and Iij = 1 where

d(OiOfi, Oj) is the distance from agent j to the line
connecting Oi and Oif and Oif is the reference point
whose coordinate is qif then Iij = 0 and σij = 0.

32: end if
33: end if
34: end for
35: if

∑
Iij >= 2 then ρi = 1

36: end if
37: if

∑
Iij = 0 then set σij = 0, qid = qif .

38: else
39: for each agent j (i 6= j) do
40: Find minj,v(|xeV i

Ajv

|) subject to Iij = 1,

σijx
e
V i
Ajv

> 0. Let the solution be V iAmin
.

41: Set pid = pV i
Amin

; φid = φif (te).
42: end for
43: end if
44: end for

V. SIMULATION RESULTS

In this section we test our proposed formation control
algorithm for both free space and obstacle space. For free
space we investigate typical cases of lattice and circular for-
mation, respectively. Also for the case of obstacle space we
check the proposed algorithm for typical case of straight line
for obstacles with different sizes and shapes. The proposed
algorithm can work for many other formation shapes such
as V-shape and ∞ shape, however due to the similarity and
limited space we do not report here.

A. Free Space

1) Lattice formation: We use 15 rectangular agents with
ai = 1, bi = 3. An agent whose number is smaller than that
of another agent has higher priority. The initial conditions
are qi(0) = [R0 sin( 2π(i−1)

R0
+ π), R0 cos( 2π(i−1)

R0
+ π), 2π+

rand(.)]T with R0 = 10 for i = 1, . . . , 5 and R0 = 20 for the
other agents, and rand(.) a random number between 0 and
1. The control parameters are chosen as C1 = 104diag(1, 1),
K1 = C−11 , c2 = 104, k2 = 1/c2. The signal sif (t) tracks
the common trajectory reference parameter sod(t) by the
following differential equation:

ṡif (t) = −50(sif (t)− sod(t)) + ṡod(t). (72)

We choose sif (0) = 0, sod(0) = 0
We implement a lattice formation by choosing qif =

[xif , R0 cos( 4π(i−1)
R0

+π), 0]T with R0 = 10 for i = 1, . . . , 5
and R0 = 20 for the other agents. We choose xif =

sif − R0 sin( 4π(i−1)
R0

+ π). The parameters of βij in (29)
are taken as aij = 0 and bij = 0.5. The other parameters
are: kij = 10−5, µij = 0.8, ε = 0.2, and ηi = 0.6.

Figure 4 (a) shows 15 rectangular agents forming a lattice
formation. We can see that they can form a completed lattice
shape after about 16 seconds. This clearly demonstrates the
efficiency of the proposed control algorithm.

Denote

d∗ij = (
N∏

j=1,j 6=i

di,j)
1/(N−1) (73)

as the distance representative of agent i.
Figure 4 (b) shows that the distance d∗ij (defined above)

representatives of the rectangular agents converge to an
equilibrium. The state errors of the agents, i.e. (xi − xid),
(yi − yid), (φi − φid), are illustrated in Figure 4 (c, d, e).

2) Circular formation: In the circular formation we test
for both single and multi-circle formations. In the single
circle formation, we deploy 15 rectangular agents randomly.
The initial conditions and other control parameters are chosen
the same as the line formation case. We implement a circular
formation by choosing qif = [20 cos(sid+ 2π

N i), 20 sin(sid+
2π
N i),

π
2 +sif + 2π

N i]
T . We choose sif = 0.5t. The parameters

of βij in (29) are taken as aij = 0 and bij = 0.5. The
other parameters are: kij = 10−5, µij = 0.8, ε = 0.2, and
ηi = 0.6.
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Fig. 4. (a) The snapshots of agent’s movements and the agreement of agent’s positions and orientations in “lattice” formation; (b) Distance representative
d∗ij ; (c) Tracking errors in the heading angles; (d) Tracking errors in the x coordinate; (e) Tracking errors in the y coordinate.
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Fig. 5. (a) The snapshots of agent’s movements and the agreement of agent’s positions and orientations in ”circular” formation; (b) Distance representative
d∗ij ; (c) Tracking errors in the heading angles; (d) Tracking errors in the x coordinate; (e) Tracking errors in the y coordinate.

For multi-circle formation, 15 rectangular agents are ran-
domly deployed. The initial conditions and other control
parameters are chosen the same as the line formation case.
We implement a circular formation by choosing qif =
[(15+3(i−1)) cos(sif ), (15+3(i−1)) sin(sif ), π/2+sif ]T .
We choose sif = 0.3t. The parameters of βij in (29) are
taken as aij = 0 and bij = 0.5. The parameter kij is 10−5.
The other parameters are: kij = 10−5, µij = 0.8, ε = 0.2,
and ηi = 0.6.

Figures 5 and 6 (a) show 15 rectangular agents forming
single and multi-circle formation, respectively. It is seen that
they form a completed circular shape after about 6 seconds.
This illustrates the usefulness of our scheme.

Figures 5 and 6 (b) show that the distance d∗ij (defined
above) representatives of the rectangular agents converge to
an equilibrium. The state errors of the agents, i.e. (xi−xid),
(yi − yid), (φi − φid), are shown in Figures 5 and 6 (c, d,
e), respectively.

B. Obstacle Avoidance

We use 15 rectangular agents with ai = 1, bi =
3. The initial conditions are qi(0) = [R0 sin( 2π(i−1)

R0
+

π), R0 cos( 2π(i−1)
R0

+ π), 2π + rand(.)]T with R0 = 10 for
i = 1, . . . , 5 and R0 = 20 for the other agents, and rand(.)
a random number between 0 and 1. We used 5 different
size rectangular and circle obstacles where the rectangular
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Fig. 6. (a) The snapshots of agent’s movements and the agreement of agent’s positions and orientations in “multi-circle” formation; (b) Distance
representative d∗ij ; (c) Tracking errors in the heading angles; (d) Tracking errors in the x coordinate; (e) Tracking errors in the y coordinate.

 

 

 

 

  

-20 -10 0 10 20

-10

-5

0

5

10

15

20

X

Y

t=0s

-20 -10 0 10 20
-20

-15

-10

-5

0

5

10

15

X

Y

t=2.5s

-10 0 10 20 30

-20

-15

-10

-5

0

5

10

X

Y

t=5s

30 40 50 60 70
-25

-20

-15

-10

-5

0

5

10

X

Y

t=10s

60 70 80 90 100

-25

-20

-15

-10

-5

0

5

10

X

Y

t=15s

90 100 110 120 130
-25

-20

-15

-10

-5

0

5

10

X

Y

t=22s

100 110 120 130 140
-25

-20

-15

-10

-5

0

5

10

X

Y

t=28s

140 150 160 170 180
-25

-20

-15

-10

-5

0

5

10

X

Y

t=35s

Fig. 7. The snapshots of agent’s movements forming “line” formation and the agreement of agent’s positions and orientations in obstacle environment.

obstacles are located at L2 =

 70 95 115
−20 −5 0

0 π
2 π

 while

the last row of the matrix L2 represents the orientation

of the related obstacle and S2 =

[
8 6 4
8 4 4

]
shows the

size of the obstacles and L3 =

70 125
0 −15
3 3.5

 demonstrates

the circle obstacles where the last row of the matrix L3

presents the related radii. The control parameters are chosen
as C1 = 104diag(1, 1), K1 = C−11 , c2 = 104, k2 = 1/c2.
We implement a straight-line formation by choosing qif =
[sif ,− 3N

2 +2i, 0]T with sif (0) = 0. The signal sif (t) tracks
the common trajectory reference parameter sod(t) by the

following differential equation:

ṡif (t) = −50(sif (t)− sod(t)) + ṡod(t). (74)

We choose sif (0) = 0, sod(t) = 5t, and hence ṡod = 5. The
parameters of βij in (30) are taken as aij = 0 and bij = 0.5.
The parameter kij of βij is 10−5 and the parameters of θik
in (33) are taken as âik = 0 and b̂ik = 0.5. The parameter
k̂ik of θik is 10−5. The parameters of βij in (29) are taken as
aij = 0 and bij = 0.5. The other parameters are: µij = 0.8,
ε = 0.2, and ηi = 0.6.

Figure 7 shows 15 rectangular agents forming a line-
formation while avoiding the obstacles. Initially, 15 agents
were randomly deployed in the field (snapshot 1) then
started forming a predefined formation (e.g., line formation).
Then, the line-shaped agents reach to an environment which
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Fig. 8. (a) Distance representative d∗ij ; (b) Tracking errors in the heading
angles; (c) Tracking errors in the x coordinate; (d) Tracking errors in the y
coordinate.

contains obstacles with different shapes, sizes and orientation
angles. The agents avoid all the obstacles completely, and
finally by passing the obstacles, they form a line-shape again
and move to the goal. Figure 8 shows that the distance
representatives of the rectangular agents converge to an
equilibrium. The state errors of the agents, i.e. (xi − xid),
(yi − yid), (φi − φid) for both obstacle avoidance cases, are
illustrated in Figure 8 (b, c, d). Figure 8 (b, c, d) demonstrates
that the tracking errors in heading angles, x and y coordinates
converge to zero before (i.e., time 0-12.5 seconds) and after
(i.e., time 28-35 seconds) the obstacles have been seen by the
agents and there are changing in between (i.e., time 12.5-28
seconds). This clearly shows the efficiency of the proposed
obstacle avoidance algorithm.

VI. CONCLUSIONS

This paper has presented a distributed control algorithm
for multiple rectangular agents with limited communica-
tion ranges. The proposed control algorithm allows multiple
agents to form a predefined formation while avoiding colli-
sion with each other. Also, by employing a potential repulsive
function, the agents could be able to avoid the different shape
and size obstacles. The convergence analysis of the proposed
control algorithm is provided. Simulation results for the cases
of line, lattice and circular formations in both free space and
obstacle space have been collected to show the effectiveness
of the proposed control algorithm. In the future work, we will
continue to investigate other control problems of rectangular
agents.
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